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1*  Introduction.  Let  $  be  a  nuclear  Frfechet  space  and  the  strong 
topological  dual  space.  We  denote  by  x[</>]  the  canonical  pairing  of  elements  x 
€  **.  ifi€<p.  Let  (Et)t<«  be  a  complete,  right-continuous  filtration  on  a 
complete  probability  space  (fi.F.P).  We  will  define  below  what  is  meant  by  an 
-t-Wiener  martln«ale  taking  values  in  .  and  give  conditions  on  coefficient 
functions  A  :  R+  x  #*  -*  **  and  B  :  R+  x  <p'  ->  L(<P';$  )  and  on  the  probability 
distribution  measure  =  P  o  f-1  0f  a  -valued  random  variable  f  under  which 
we  will  prove  the  existence  and  uniqueness  of  solutions  to  stochastic 
differential  equations  (SDE’s)  of  the  form 

dXt  =  At(Xt)dt  +  Bt(Xt)dWt.  0  £  t  <  »;  (1.1a) 
with  initial  condition  P(Xq  =  f)  =  1  or.  in  integrated  form, 

xt  =  f  +  Sq  Wds  +  S0  Bs(Xs)dWs  0  ^  t  <  ».  (1.1b) 

We  begin  by  giving  the  definition  of  #  and  4>'  in  Section  2  as  well  as 
preparatory  material  on  ^'-valued  stochastic  processes  and  the  definitions  of 
weak  and  strong  solutions  and  of  a  solution  to  the  martingale  problem  posed  by 
(1.1).  The  conditions  for  existence  of  a  weak  solution  and  for  uniqueness  are 
given  in  Section  3.  Section  4  is  the  pivotal  section  of  the  paper.  It 
introduces  the  finite  dimensional  approximations  to  (1.1),  produces  a  solution 
to  the  corresponding  finite-dimensional  martingale  problem  and  obtains 
d intension- independent  bounds  for  certain  moments  that  are  crucial  to  the 
Galerkin  approximation.  These  results  are  used  to  prove  the  existence  of  a 
solution  to  the  infinite  dimensional  martingale  problem  and  to  derive  a  weak 
solution  (Sections  5  and  6).  In  Section  7,  uniqueness  is  established  by 


proving  the  pathwise  uniqueness  property  and  using  the,  by  now  familiar, 
argument  due  to  Yamada  and  Watanabe  [4].  (Xir  final  result,  Theorem  7.4 
concerns  the  existence  of  a  unique,  ♦'-valued  solution  for  all  t  £  0.  In 
the  preceding  results  leading  up  to  it,  however,  it  is  advantageous  to  restrict 
oneself  to  arbitrary  finite  intervals  [0,T],  because  the  sample  paths  of  the 
solution  process  will  lie  in  Hilbert  subspaces  of  .  In  general,  the  Hilbert 
spaces  will  depend  on  the  value  of  T  chosen  and  no  Hilbert  space  will  contain 
the  sample  paths  for  all  time. 

SDE’s  governing  stochastic  processes  taking  values  in  infinite  dimensional 
linear  spaces  occur  in  such  diverse  fields  as  nonlinear  filtering,  infinite 
((article  systems  and  population  genetics.  For  many  of  these  problems,  the  dual 
of  a  separable,  Fr6chet  nuclear  space  provides  a  natural  setting  in  which  to 
study  infinite  dimensional  martingales  and  SDE’s. 

Most  of  the  applications  known  to  us  lead  to  linear  equations,  i.e. 
Ornstein-Uhlenbeck  (Or  Langevin)  equations  and  their  variants.  (See  [7]  and 
[8]  for  references).  An  exception  where  Banach  or  Hilbert  space-valued  SDE’s 
are  concerned  is  the  paper  of  Krylov  and  Rozovskii  [8]  which  the  present  paper 
resembles  in  adapting  the  Galerkin  approximation  procedure  to  the  stochastic 
context.  An  important  difference  is  that  here,  the  thrust  of  our  efforts  is 
first,  to  obtain  a  solution  to  the  martingale  problem.  It  calls  for  entirely 
different  techniques  which,  moreover,  do  not  involve  the  monotonicity 
condition.  The  latter  is  invoked  only  in  proving  uniqueness. 

One  of  the  main  motivations  for  our  interest  in  diffusion  processes  in 
duals  of  nuclear  spaces  is  the  possibility  that  they  may  provide  a  more 
realistic  model  to  describe  the  behavior  of  the  voltage  potential  of  a 
spatially  extended  neuron.  The  celebrated,  Hodgkin-Huxley  deterministic  theory 
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of  such  behavior  takes  into  account  many  nonlinear  features  that  are  lacking  in 
currently  studied  stochastic  models  (See  [6]  and  references  therein).  A  study 
just  completed,  of  ♦'-SDE’s  driven  by  a  discontinuous  martingale  in  place  of  a 
♦'-valued  Wiener  process  suggests  continuous  approximations  to  diffusion 
equations  similar  to  the  ones  discussed  in  this  paper  [5].  Weak  convergence 
results  of  this  kind  would  be  of  considerable  use  in  the  applications  mentioned 
above.  The  investigation  of  these  questions  will  be  taken  up  in  a  later  work. 
A  more  direct  and  immediate  application,  made  in  Section  8,  is  to  the  motion  of 
random  strings  studied  using  different  ideas,  in  [3]. 
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2.  Processes  taking  values  in  the  dual  of  a  nuclear  Frechet  space.  We  shall 
present,  in  this  section,  preparatory  material  (including  notation  and 
terminology)  on  Frechet  nuclear  spaces  and  on  stochastic  processes  taking 
values  in  their  dual  spaces,  leading  up  to  the  definition  of  stochastic 
differential  equations  governing  such  processes. 

2.1  Frechet  nuclear  spaces. 

Throughout  this  paper  <f>  shall  denote  a  fixed  but  arbitrary  Frechet  nuclear 
space  with  strong  dual  The  topology  of  such  a  space  can  be  given  by  an 

increasing  family  of  semi-norms  {  I  *  1  r  }_oo<r<oo  °f  t*ie  form  |<f|r  =  [{<#>.  <*>)]**  for 
a  family  of  continuous  symmetric  scalar  products  (•,•)  on  $  such  that  the 
Hilbert-space  completions  Hr  of  $  in  the  |*|r  of  $  in  the  |  •  |  seminorms 
satisfy  the  following  conditions: 

(2.1.1)  H  and  H  are  canonically  dual  in  the  pairing  whose  restriction  to 

hr  €  C  <f'  is  given  by  <h  r,hr>  =  h  r[hr).  If  the  canonical  mapping 

p  -p 

of  H  onto  its  dual  H  is  denoted  Jr,  then 

<h"r.hr>  =  h"r[hr]  =  (h"r.jrhr)_r  =  (j_rh’r.hr)r  . 

(2.1.2)  $  C  Hr  C  H5  C  f  —«>  <  s  £  r  <  ®,  with 

♦  =  fl  Hr  in  the  locally  convex  topology  determined  by  (|*|  }, 

r  r 

— r 

f  =UH  in  the  inductive  limit  topology, 

r 

(2.1.3)  For  each  r  there  exists  a  p  >  r  such  that  the  injection  mapping 

i  :  -»  Hr  is  nuclear. 

In  the  sequel  we  shall  have  to  make  sparing  use  of  the  completed  tensor  product 
of  two  nuclear  Fr6chet  spaces  E  9  F,  which  is  also  nuclear.  The  properties  of 
the  latter  as  well  as  additional  details  about  nuclear  spaces  are  to  be  found 
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in  [12]. 

Fix  any  1  inear ly-independent  total  set  {<*>j}  C  $  and,  for  each  s  >  0,  let 

§ 

{hj}  be  the  result  of  applying  the  Gram-Schmidt  orthogonal ization  scheme  to 

g  s 

{<p.}  in  H  .  All  finite  linear  combinations  of  the  basis  elements  h.  lie  in 
J  J 

s  s  s 

so  for  each  d  the  d-dimensional  space  :=  sp{h^ . h^}  is  contained  in  <I>. 

For  s  >  0  let  {h.S}.  C  be  the  associated  dual  basis  for  H  S  defined  by  the 
J  J 


relation 


hjSW  (hj.*). 


for  all  <p  €  $,  and  let  H^S  sp{h^S . hdS}.  The  spaces  HS  and  H  S  are 

canonically  isomorphic  under  the  mapping  j  .  Denote  by  u  :=  2..,  h®h  s[u] 

s  Q  3  Su  j  j 

the  orthogonal  projection  of  an  element  u  €  Hs  onto  the  d-dimensional  subspace 
s  —  g  g  _  g 

H^,  and  by  11^  x  :=  x[hj]hj  the  orthogonal  projection  of  an  element  x  € 

— s  —  s 

H  (or  even  x  €  $')  onto  the  d-dimensional  subspace  Hd  .  For  all  <  s  <  “ 

the  space  is  the  image  of  IR^  under  the  continuous  injection  J®  :  IR^  -» 

given  by 


#n  :=  j,  f3h!  ■ 

S  — S 

Note  that  and  JI^  are  dual  or  adjoint  in  the  sense  that,  for  all  x  €  <t>'  and 
<P  €  <P. 

*[&>]  =  ZKd  x[hj]h"s[^]  =  (ff'sx)[*]. 

The  space  of  continuous  linear  mappings  from  the  Hilbert  space  Hr  to  the 
s  r  s 

Hilbert  space  H  will  be  denoted  by  L(H  ;H  ),  while  the  subspaces  of  nuclear 

(or  trace-class)  and  Hilbert-Schmidt  mappings  will  be  denoted  respectively  by 

r  s  r  s  r  s 

Lj(H  ;H  )  and  Lg(H  ;H  ).  The  trace  and  trace  norm  of  a  mapping  A  €  L^(H  ;H  ) 

will  be  denoted  by  tr(A)  and  | A |  ,  respectively,  while  the  Hilbert-Schmidt 

r  ( s 
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norm  of  A  €  L0(Hr;HS)  will  be  denoted  by 

In  the  sequel,  probability  measures  will  be  studied  on  the  spaces  of 

continuous  linear  functionals  on  $  and  C(R+;#')  of  4>'-valued  (resp. ,  C(R+;H  p) 

of  H  ^-valued)  continuous  functions  on  [0,“),  which  will  now  be  denoted  by  C^, 

(resp.,  C  _  ).  Denote  by  B.,  the  Borel  o-algebra  in  $>'  ;  since  $>'  is  a 
H  p 


IIAII 


countable  inductive  limit  of  Frechet  spaces,  the  Borel  sets  for  endowed  with 
the  weak  topology  are  the  same  as  those  for  the  strong  topology.  The  Borel 
o-algebra  on  C. .  and  the  induced  o-algebra  on  C  will  be  denoted  B_  and 

9  H  P  “V 

§£  ,  respectively. 

H"P 

I 

2.2  Fr6chet  differentials  in  ** . 

In  order  to  study  the  generators  of  -valued  diffusions  we  need  first  to 
give  appropriate  definitions  of  Frechet  differentials.  For  Hilbert  said  Banach  j 

spaces  the  concepts  are  well-known  but,  since  we  were  unable  to  find  a 
treatment  of  Fr6chet  differentials  of  functions  on  the  dual  of  a  Frechet 
nuclear  space  in  the  literature,  we  give  the  definitions  explicitly  in  this  I 

section. 

Definition.  Let  f  :  <t>'  -*  IR  be  a  continuous  function.  We  call  f  Frechet 

differentiable  at  x  €  with  (first)  Frechet  differential  f’(x)  €  L($’ ;R)  if  I 

for  every  e  >  0  there  exists  a  neighborhood  U  of  0  in  O'  ,  open  in  the  strong 
topology,  such  that  for  every  index  m  <  «  and  element  h  C  U  D  H  m. 


|f(x+h)  -  f(x)  -  f(x)[h]|  <  e |h|_m  .  (2.2.1) 


If  f  has  a  Frdchet  differential  f'(x)  at  x  for  every  x  €  <P,  then  for  each  m, 

the  restriction  of  f  to  H  m  (denoted  temporarily  by  f  )  has  a  Frechet 

differential  at  each  x  €  H  m  in  the  usual  Hi Ibert-space  sense.  Furthermore, 

the  derivative  f ' (x)  is  the  restriction  to  H  m  of  f'(x). 

mv  ’  v  ' 
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Again  let  f  have  a  Frechet  differential  f'(x)  at  x  for  every  x  €  <f>' ,  and 
suppose  that  the  mapping  x  -»  f'(x)  is  continuous  from  4>‘  -*  L(4> '  ;  1R)  =  We 

say  that  f  is  second  Fr&chet  differentiable  at  x  €  <£'  if  the  mapping  x  -*  f '  (x) 
is  itself  FrAchet  differentiable,  or  equivalently  if  there  exists  a  map  f"(x)  € 
L($';<P‘)  =  B ($',<£')  =  ($'  ®  $')'  such  that,  for  every  e  >0,  there  exist 
neighborhoods  and  Ug  of  0  in  such  that  for  every  pair  and  m^  of 

indices,  every  h^  €  D  H  and  H  H 

|f (x+hj+l^)  -  flx+hj)  -  f (x^hg)  +  f(x)  -  f'^xjfhj.hg]!  (2.2.2) 

Then  f”(x)  is  called  the  second  Frechet  differential  of  f  at  x;  we  may  regard 

it  either  as  a  bilinear  form  on  or  as  a  linear  form  on  the  tensor  product 

®  <&'.  Again  it  can  be  shown  that  if  x  €  H  m,  the  restriction  of  f"(x)  to  H  m  x 

H  m  is  the  second  Frechet  differential  of  f  (x) . 

mv 

The  classes  and  denotes  the  vector  space  of  all 

functions  f  :  -»  IR  of  the  form 

f(u)  =  f(uW)  (2.2.3) 

for  some  bounded,  twice  continuously  differentiable  function  f  on  IR,  (f  € 

C^(IR))  and  <p  €  <P. 

1  2 

The  class  (♦’)  consists  of  all  functions  f  :  IR+  x  IR  of  the  form 

ft(u)  =  ft(u[<p])  for  some  f  €  C^'^(IR+,IR)  and  <p  €  $. 

We  will  use  the  same  symbol  to  denote  the  second  class  of  functions  even 
when  t  is  restricted  to  a  finite  interval  [0,T]. 

If  f  is  given  by  (2.2.3)  it  is  easily  verified  that  f '  and  f"  are  given  by 


the  formulas 
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f’(u)[h]  =  d  f(u|>])hO]  for  h  €  <t>'  (2.2.4) 

and 

f"(u)[h1.h2]  =  a2  for  hrh2  C  (2.2.5) 

d  and  d2  are  the  usual  differentiation  of  the  function  f. 

2.3  ♦ ' -valued  processes  and  Martingales-' 

Let  (Ft)t^eo  be  a  complete,  right-continuous  filtration  on  a  complete 
probability  space  (fi.F.P):  all  measurability  conditions  and  martingale 
properties  will  be  taken  with  respect  to  this  fixed  filtration.  Integration 
with  respect  to  P  will  usually  be  indicated  with  the  expectation  operator  E, 

p 

which  will  be  denoted  by  E  when  the  measure  would  otherwise  be  in  doubt. 
Definitions  (i)  A  ^'-valued  random  variable  is  an  F^/B^, -measurable  mapping  f 
:  (2  -*4>'  . 

(ii)  A  ^'-valued,  adapted  process  M  as  (Mt)  is  called  a  martingale  with  respect 
to  (F  )  if  M[«p]  :=  (M  [<p])  is  a  real  valued  (F  )-martingale  for  each  <#>  €  <P. 

t  t  t 

2 

The  martingale  M  is  called  an  L  -martingale  if,  for  each  <p  €  4>. 

E  Mt[>]2  <  «  for  t  £  0. 

2 

M  is  called  a  local  (or  local  L  )  martingale  if  there  is  a  sequence  (t  )  of 

(Ft)-stopping  times  T  °>  a.s.  such  that,  for  each  <p  €  <t>.  {^t^T  [<p]}  is  a 

n 

2 

martingale  (or  L  -martingale). 

For  a  detailed  discussion  and  properties  of  <$’ -mart ingales  we  refer  the 
reader  to  [9]  and  [10].  We  shall  mention  only  those  facts  that  will  be 

directly  useful  for  our  purpose. 

If  M  is  a  local  martingale  vanishing  at  the  origin,  there  exists  a 

unique  ®  4>‘  predictable  process  A  =  (At)  which  is  increasing  (in  the  sense 
that  for  <p  €  the  real  valued  process  [»p , <#>]  increases  P-a.s.)  and  such  that 
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:=  Mt[«p]MtM  -  AtO.*] 

is  a  local  martingale  satisfying  =  0  P-a.s. 

Def inition:  A  is  called  the  bracket  function  or  the  quadratic  variation 

process  of  M  and  is  often  denoted  by  or  <M>t- 

It  is  clear  from  the  definition  that 

<M>t!>.*]  =  <M.|>].  M.[^]>t 
2 

An  important  property  of  a  ^‘-valued  L  -martingale  with  continuous  paths  is  the 
following  [9,10], 

For  each  T  >  0,  there  exists  a  positive  number  p  (possibly  depending  on  T) 

such  that  the  sample  paths  lie  in  the  Hilbert  space  H  P  for  0  £  t  <  T  and  are 

continuous  in  the  H  P  topology,  i.e.,  M  ^  €  C^_  a.s.  where  =  M  for  0  £  t 

H  P  t  t 

<  T  and  CT_  :=  C([0.T];  H_P). 

H  P 

The  martingale  with  which  we  will  almost  exclusively,  be  concerned  with  in 

this  paper  is  the  one  defined  by  a  ^'-valued  Wiener  process. 

2 

Def  inition:  A  Wiener  martingale  is  a  <f>'  L  martingale  W  whose  bracket 

function  <W>  is  P-a.s.  a  non-random,  linear  (in  t)  function 

<w>t[>.*]  =  t  QO,*] 

for  all  €  $.  We  call  Q  assumed  continuous,  the  covariance  quadratic  form 
for  W. 

It  follows  from  the  remarks  above  that  any  <£'  Wiener  martingale  W  may  be 
taken  to  have  paths  which  lie  in  the  subspace  H  ^  for  some  q  <  ®,  and  which  are 
continuous  in  the  H  ^-topology  P-a.s.;  the  choice  of  q  depends  only  on  the 
quadratic  form  Q,  and  the  sample  paths  will  lie  in  H  for  every  s  >  q.  The 

s 

quadratic  form  Q  has  a  unique  continuous  extension  to  a  nuclear  form  on  H  , 
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and  can  be  represented  there  in  the  form 

Q[<p,^]  =  (<P*QS'J')S 

-  «&>.  <+)s 

g 

for  a  unique  non-negative  trace-class  operator  Qg  on  H  .  For  later  use,  we 

choose  and  fix  a  specific  value  of  s,  say  r.  We  denote  the  trace  norm  of  the 

*  r 

quadratic  form  Q  (or,  equivalently,  of  the  operator  Q^)  on  H  by 

W-r.-r  ■  QChrhP- 

For  any  continuous  quadratic  form  Q[*,*]  it  is  easy  to  construct  a 
path-continuous  <£ ’  process  which  is  a  Wiener  martingale  (with  bracket 
function  <W>  =  tQ)  with  respect  to  the  filtration  (F  )  generated  by  W;  in 

l  t  t  \ro 

Section  6  we  face  the  more  difficult  task  of  constructing  a  Wiener  martingale 
with  respect  to  a  given  filtration  (Ft)t<00. 

2.4  It6  stochastic  integrals  in  . 

Because  we  are  concerned  primarily  with  diffusions  in  this  paper,  we  shall 
briefly  comment  on  the  definition  of  one  type  of  a  stochastic  integral  with 
respect  to  a  -valued  Wiener  process  and  describe  some  of  its  properties. 

Let  W  be  a  <£’  Wiener  martingale  with  continuous  covariance  quadratic  form 
Q  and  hence  bracket  function 

<W>tl>.*]  =  t  QO.*]. 

2 

The  space  of  integrands,  consists  of  those  predictable  functions  f  :  IR+  x  fi 
-*L(<P';<P')  for  which 

E  J*q  Q[f*<p,f*<#>]ds  <  “  (2.4.1a) 

for  each  T  >  0  and  each  <*>  €  <P.  Because  it  occurs  frequently,  we  introduce  the 
notation  for  the  quadratic  form  given  by 
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Qa[*.*]  :=  Q[aYa*%] 

for  any  continuous  linear  mapping  A  €  L($';<t').  In  this  notation  we  can 
rewrite  (2.4.1a)  as 

E  [Xj  Qf  [>.*]ds]  <  ®.  (2.4.1b) 

s 

n 

In  the  above,  A  €  L($,$)  is  the  usual  adjoint  or  dual  of  A  €  L($',$'). 

f  t 

The  stochastic  integral  It  :=  fg  dWs§  (0  i  t  i  T),  is  a  <P‘-valued 

2 

L  -martingale  with  the  following  properties  in  addition  to  the  usual  linearity 
properties: 

<It>t  [>.*]  =  Sq  Qf  [>,*]ds.  (2.4.2) 

*'  s 

There  exists  m  >  0  (depending  on  f  and  T)  such  that 

if  e  CT_„  a.s.  ( 2.1.3 ) 

H  m 

If  (h™)  C  *  is  any  OONS  in  H™, 

l[l>]  =  Sq  fs  dWss[^>]  =  2  jJ  (f^.hj)  dW  [h“],  (2.4.3a) 

i=l  m 

2 

the  right  hand  side  being  an  L  -convergent  series  of  ordinary  ltd  stochastic 
integrals.  Furthermore, 

f  00  t 

<I:  >,[*.♦]  =  2  Sq  (f*>.  h™)  (f**.h“)  ds  Q[h"  h“].  (2.4.3b) 

C  i,j=l  U  S  1  m  s  J  m  1  J 

The  Wiener  processes  b*  :=  W^h™]  satisfy  <b*,b^>t  =  t  Q[h™,hj],  and  they  are 
independent  if  the  set  (h™)  diagonalizes  Q. 

2.5.  Stochastic  integrals  for  cylindrical  Brownian  notions. 

Let  H  be  a  real  separable  Hilbert  space  with  inner  product  (♦,•)„.  A 

n 
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cylindrical  Brownian  motion  (or  CBM)  on  H  is  a  mapping  W»  :  1R+  x  H  -» L2(n,F.p) 
satisfying  the  following  conditions: 

(i)  For  all  hj ,  hg  €  H  and  c^,  Cj  €  IR,  all  t  ^  o, 

’ft',*1,  +  c2h2]  =  c,  ^[hj]  +  c2  P-a.s. 

(ii)  For  each  h  €  H.  W^[h]  is  a  real-valued  Wiener  martingale  with  mean  0  and 
bracket  function 

<WH>[h1],  WH[h2]>t  =  t(hrh2)H  . 

=  t(h,h)„  and  hence  that  cannot 
n  t 

have  sample-paths  lying  in  H.  For  any  complete  orthonormal  set  (h.)  C  H  we  can 

produce  independent  real-valued  standard  Wiener  martingales  b*  :=  W^[h^]  and 

2 

with  them  represent  the  CBM  as  the  L  convergent  series 

00 

W^[h]  =  2  (h.h^bj  .  (2.5.1) 


It  follows  from  (ii)  that  E[(W^[h])2] 


The  relation  between  Wiener  martingales  and  CBMs  is  given  in  the  following 
propositon: 

Proposition  2.5  Let  W  be  a  f  Wiener  martingale  with  continuous  covariance 
quadratic  form  Q,  and  let  be  the  closure  in  4>'  of  $  in  the  norm  |<*>|q  •'  = 
(Q[^>, <#>])**.  Then  W  has  a  unique  L2(n,F,P)-continuous  extension  W^  to  the 
Hilbert  space  H  =  H^,  and  ^  is  a  CBM  on  hP. 

Conversely,  any  CBM  W^  on  a  Hilbert  space  H  satisfying  C  H  C  <!>’  (with 
both  inclusions  continuous)  determines  a  unique  4>'  Wiener  martingale,  which  may 
be  given  by  the  <t>'  convergent  series 


Wt  = 


1=1 


k1  »,* 

bt  hi 


(2.5.2) 


for  any  complete  orthonormal  sequence  (h^)  C  $  C  H,  where  b*  :  =  W^Ch^  and 
where  h^  €  <P'  is  the  adjoint  of  hj  defined  by 

h*l>]  = 

for  all  <p  € 

¥ 

Proof.  Let  H  be  the  closure  in  of  $  in  the  inner  product 

H 

00 

2  h  [<p]h  [^j,  and  let  j  be  the  canonical  mapping  of  H  onto  its  dual  space  H*; 
i=l  1 

now  verify  that  (2.5.2)  converges  P-a.s.  in  the  K  topology  for  any  Hilbert 
space  K  C  f  such  that  H  C  K  with  the  inclusion  mapping  nuclear.  | 

Fix  a  real  separable  Hilbert  space  K  and  let  ^(W**)  denote  the  linear 
space  of  LgCHiK)  =  H  ®  K  -  predictable  processes 

f  :  R+  x  17  -*  L2(H;K)  (2.5.3) 

satisfying  the  condition 

E  CJ'o  "fs"H,K  ds3  <  * 

for  each  T  €  R+.  For  almost  every  t  ;>  0,  f^  is  (almost  surely)  a 
Hilbert-Schmidt  operator  from  H  to  K  with  an  adjoint  f*  Hilbert-Schmidt  from  K 
to  H.  Then  for  each  t  >  0,  k  €  K,  and  index  i,  the  I  to  stochastic  integral 

4  )«■»>*(»> 

2 

is  well-defined  and  so  is  the  L  (fl.E.P)  convergent  sum 

00 

IJXKa,)  :=  2  (f*(u)k.h.)H  db*(<o). 


An  easy  computation  shows  that  E[It[kj]  =  0  and 


=  2  J*  EQfJc.h^jpds  =  jJ  E[|f*klJ]ds, 


so  for  any  complete  orthonormal  system  {k^}  in  K, 


K  l  =  Jj  E[  2  |f>j|2]ds  =  E[Xq  Ilf"*2  „  ds]  =  E[/'  llfgllg  K  ds]  <  ». 


t  ,,,*,,2 


*t  I.  *  „2 


2 

With  probability  one  the  real-valued  series  2  I  [k,]  converges  and  hence  so 

j=l  J 


does  the  K-valued  series 


;=  jf,  ■ 


Definition:  The  cylindrical  stochastic  Integral  of  fg  with  respect  to  the  CBM 

W^  is  the  sum 
s 


j'o  y->  <(“>  := 


or  zero  on  the  P-null  set  on  which  the  series  fails  to  converge. 

The  cylindrical  stochastic  integral  of  a  process  Jq  f£  s  dWs  is  a  K-valued 
process  (denoted  It  above),  whose  inner  product  with  an  element  k  €  K  we  write 


(following  [13])  as 


^0  (f>*  dWs^H  :=  ^t,k^K  : 


thic  can  be  calculated  as  the  convergent  series 


4  ('>■  dW^H  -  tJ1  4  <fsk'  hi>H  dbs 


of  real-valued  It6  integrals. 

2.6  Stochastic  differential  equations  for  ♦'  processes: 

Solutions  of  Martingale  probleas,  weak  and  strong  solutions. 

Fix  a  Frechet  nuclear  space  <f>,  a  continuous  quadratic  for  Q  on  the  dual 
space  .  a  probability  measure  pQ  on  the  Borel  sets  B($'),  and  a  pair  of 
continuous  functions 

A  :  R+  x  <t>'  -»  <t>' 

and 

B  :  IR+  x  <t'  -*  <&'  ®  <D, 

and  recall  from  Section  1  the  stochastic  integral  equation 

xt  =  f  +  J*o  VXs>ds  +  X0  Bs(Xs)dWs*  0  £  t  <  T.  (1.1b) 

Definition.  In  the  spirit  of  [4]  we  define  a  (weak)  solution  to  equation 
(1.1b)  on  the  interval  [O.T]  to  be  any  <*>'  process  X  :=  (xt)tejj>  on  any  complete 

probability  space  (fl.F.P)  with  a  complete,  right-continuous  filtration  (Ft)t^a> 
satisfying  the  conditions: 

(2.6.1a)  The  random  variable  Xq  has  probability  distribution  ^  =  P  °  f 
(2.6.1b)  There  exists  a  Wiener  martingale  W  for  the  given  filtration 
(Et)t<„  on  (O.F.P); 

(2.6.1c)  X  is  adapted  to  (Ft)t<0#.  i.e.  for  every  t  €  R+  and  <p  €  <P  the  random 
variable  X  [^]  is  Et/B(IR)  measurable; 

(2.6.  Id)  For  P-a.e.  u,  X  has  strongly  continuous  paths  Xt(u)  :  R+  -»  <P'  ; 

(2.6. le)  The  predictable  process  a :=  Afc(Xt)  satisfies  «t[v>]  €  L*([0,T]) 


3 


Sq  |asIO]|ds  <  ®; 


(2.6. If)  For  a  sequence  rn  of  stopping  times  converging  P-a.s.  to  infinity 

the  predictable  process  :=  (X  ^  )  satisfies  for  each  €  ♦ 

n  n 

and  each  t  £  T, 


E[ X0  n  Qp  [>.w]ds]  <  ®; 


(2.6. lg)  With  probability  one,  Xt  and  Wt  satisfy  (1.1b)  for  0  i  t  £  T. 

Note  that  although  (1.1b)  is  only  required  to  hold  on  the  interval  [O.T],  X  is 
defined  on  the  entire  positive  half-line  IR+  and  so  induces  a  probability 
measure  p  =  P  o  X  *  on  the  canonical  space  C(IR+;*').  We  may  define  Xt 
initially  only  for  0  $  t  $  T  and  then  set  Xt  =  Xj.  for  t  >  T  if  convenient. 
Definition:  A  strong  solution  is  just  like  a  weak  solution,  except  that  we 
specify  the  probability  space  (fl.F.P),  filtration  (F^)^^.  F^-measurable 
initial  random  variable  f  with  probability  distribution  p^.  and  Wiener 
martingale  W  with  covariance  functional  Q  at  the  outset.  To  produce  a  strong 
solution  we  must  construct  the  process  Xfc  on  the  given  space  and  for  the  given 
filtration. 

Definition:  A  solution  for  0  £  t  £  T  to  the  martingale  problem  posed  by  (1.1b) 
is  a  probability  measure  p  on  the  Borel  sets  of  the  canonical  space  C^.  :  = 

C(R+;$')  of  ♦'-valued  continuous  functions  on  [0,®)  such  that,  for  any 
real-valued  function  f  €  2^($'),  the  real-valued  process 

<  f(xtAT)  -  f(*0)  -  ;'AT  Ls  f(xs)ds  (2.6.2) 

is  a  (CA, . (F„) ^/09.p)  martingale  and  p  o  Xq1  =  p^,  i.e.  for  all  f  €  S^($'), 
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^[f(xQ)]  =  f(x)  pQ(dx)  (2.6.3a) 

and,  for  bounded  s  £  t  £  T  and  F  -measurable  functions  g, 

s 

0  =  E?[g(x)[M*  -  Ms]]  (2.6.3b) 

=  ^[g(x)[f(xt)  -  f(xs)  -  Sls  Lu  f(xu)du]]. 

Here  Lg  denotes  the  generator 

Ls  f(u)  :=  f*(u)[As(u)]  +  'A  f"(u)[<^  (2.6.4) 

sv  1 

=  f’M>])As(u)[*]  +  A  f  " (u[<p] )Q(B*(u)<p ,  B*(u)<#>) 

which  is  well-defined  for  f  €  S^($').  We  describe  this  as  the  martingale 
problem  "suggested  by  (1.1b)"  since  (by  It6’s  formula)  the  measure  p  induced  on 
C^,  by  any  weak  solution  X  to  (1.1b)  does  in  fact  satisfy  (2.6.2),  so  that  a 
solution  to  the  martingale  problem  is  just  the  marginal  distribution  measure  p 
for  a  weak  solution  to  (1.1b). 

It  is  well-known  (see,  for  example,  [11])  that  (2.6.2)  is  equivalent  to 

the  apparently  stronger  time-dependent  form  requiring  that,  for  any  real-valued 
1  2 

function  f  €  3^’  ($‘),  the  real-valued  process 

*[  '=  f,AT<W  -  W  '  C  <3/8s  +  Ls>Wxs>ds  <2  6'2') 
be  a  (C<f..(Fr)t<a>.p)  martingale. 

A  statement  equivalent  to  saying  that  p  is  a  solution  to  the  martingale 
problem  is  that,  for  every  <p  €  $, 

HtD*>]  :=  xt[<p]  -  Xq[*]  -  Jq  Ag(xs)[<p]ds 

is  a  (C^,,Ft>p)  local  martingale. 
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3.  Conditions  for  existence  and  uniqueness.  First  of  all  we  shall  impose  a 

basic  condi ton  on  the  nuclear  space  4>.  To  introduce  the  condition  we  begin 

with  the  following  observation:  Let  (h™)  C  <P  be  a  CONS  in  H™.  The  h1?  can  be 

J  J 

obtained  by  applying  the  Gram-Schmidt  orthonormalization  procedure  to  a 
countable  subset  {fj}  dense  in  <t>.  For  every  j,  we  then  have 


where  n  (depending  on  m  and  j)  i  j  and  |tj  |  =  0. 

J  J  m 

Our  basic  assumption  is  the  following: 

(A)  For  each  m  and  p,  (p  £  m),  in  the  relation  (3.1) 

|q|  =0.  (3.2) 

J  p 

Note  that  the  relation  (3.1)  always  holds  but  the  possibility  of  satisfying 
(3.2)  is  a  restriction  on  the  type  of  nuclear  spaces  considered  here. 
Condition  A  is  of  a  technical  nature.  However,  it  is  easy  to  see  that  it  is 

satisfied  if  there  exists  a  sequence  (•Pj)  c  $  which  is  a  common  orthogonal 

system  in  h”1  for  all  m  £  1.  The  Schwarz  space  y(IR  )  belongs  to  this  class  as 
well  as  the  space  $  introduced  in  Section  8. 

Condition  (A)  will  be  in  force  throughout  the  paper  and  will  not  be 
repeated  in  the  statement  of  the  results. 

The  following  set  of  conditions  will  be  needed  to  prove  the  existence  of  a 
solution  to  the  martingale  problem  (and  of  a  weak  solution): 

We  assume  given  (i)  a  probability  measure  Pq  on  the  Borel  o-field  B^,  .  (ii)  a 

continuous  quadratic  form  Q  on  <t>  x  <*>  and  (iii)  coefficients  A  and  B  which,  in 
addition  to  the  measurability  assumptions  stated  in  the  previous  section 
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satisfy  the  following  conditions: 

For  each  T  >  0  and  sufficiently  large  m  £  r  (fixed  above),  there  exists  a 
number  6  >  0  and  an  index  p  ^  i  such  that  for  all  s,  t  i  T, 

(IC)  Initial  Condition: 

c0  :=  f<p‘  O  +  H-m)  [l°g(3  +  M?m)]2  H0(du)  <  co; 

(OC)  Coercivity  Condition:  for  each  u  €  j  ♦, 

m 

2  A  (u)[j  u]  ♦  iQg  .  ,|  S  C(1  + 

tv  ’  -m,-m 

(LG)  Linear  growth  condition:  if  u  €  H  m,  then  At(u)  €  H  ^  and 

|At(u)|?p  (9(1+  |u|?m); 

l\(u)l  s  eu  »  |U|^>  . 

tv  '  -m.-m 

(JC)  Joint  continuity  condition: 

A  :  R+  x  -*  #'  and  B  :  R+  x  <P'  -*  L(<P'  ,<t>‘ ) 
is  each  jointly  continuous. 

Furthermore, 

(i)  Bg(u)(v)  €  H  m  if  u,v  €  H  m  and 

(ii)  Q(Bs(u)«f»,  Bs(u)<p)  is  continuous  in  u  on  <P'  for  each  <p  €  <t>. 

In  addition  to  the  above,  the  following  condition  will  be  needed  in  the 
proof  of  uniqueness: 

(MC)  Monotonicity  Condition:  For  all  u,  v  €  H  m  (C  H  P), 

(At<">  -  VT>-  U-V).p*  lQBt(u)-Bt(v)l 


-P.-P 


£  6  lU_Vl?p 
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In  the  initial  condition  (IC)  we  have  had  to  assume  the  finiteness  of  a 

moment  of  |xq|  slightly  higher  than  the  second.  It  is  crucially  used  in 
-m 

solving  the  martingale  problem  for  the  infinite  dimensional  stochastic 
differential  equation  as  well  as  the  martingale  problem  for  the  finite 
dimensional  approximation.  The  reason  for  a  moment  higher  than  the  second  is 
because  we  are  not  dealing  with  bounded  coefficients  and  Lipschitz  conditions 
but  with  linear  growth  and  coercivity  conditions. 
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4.  Martingale  Probleas  in  Finite  Dimensions.  In  this  section  we  address  the 

problem  of  the  existence  and  uniqueness  of  a  measure  on  the  canonical  space 

C  ,  =  C(R  :  IR^)  of  continuous  paths  in  equipped  with  the  Borel  sets  EL 
R  Rd 

for  the  compact  open  topology  and  the  canonical  filtration  (B^  ),  solving  the 

Rd 

martingale  problem  [11]  for  the  generator 


L 

s 


* 14  Lj  [bs«)bs 


ij 


(4.1) 


satisfying  conditions  outlined  below.  We  apply  these  results  in  Section  5  to 
the  problem  of  existence  and  uniqueness  of  a  solution  to  an 
infinite-dimensional  martingale  problem  (using  a  Galerkin  method  similar  to 
that  of  [8]).  but  even  in  finite  dimensions  the  bounds  (4.3)  of  Theorem  4.1 
seem  to  be  new  and  may  be  of  independent  interest. 

The  martingale  problem  introduced  above  is  closely  related  to  the  problem 
of  the  existence  and  uniqueness  of  solutions  to  the  stochastic  integral 
equation 

I  « 

Xt  =  *o  +  4  Wds  +  •ro  Wd"s 

for  an  initial  random  variable  Xq  with  probability  distribution  and  a 

*  - 

standard  d-dimensional  Wiener  process  Wf  with  covariance  E  WgWt  =  (s  A  tjl^. 

We  return  to  this  connection  in  the  infinite-dimensional  setting  in  Section  6, 
after  proving  a  useful  lemma  whose  proof  is  modeled  after  that  of  lemma  1.4.5 

« 

of  [11]. 

d  2 

Lemma  4.1.  Let  M  be  a  continuous  IR  -valued  IT  martingale  satisfying,  for  some 
P  <  50  and  allO£s<t£T,  the  inequality 


tr(<M>  -  <M>  )  1  P(t-s). 
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Then  for  each  e  there  is  a  5  depending  on  |3,  e,  and  T  (and  not  d)  such  that 


PC  sup  |M  —  M  |  >  e]  £  e  . 
0<s<t£T  z 
t-s<6 


Proof.  Set  :=  0  and,  for  n  £  1,  a  :=  inf{s  >  a  ,  :  M  -  M  >  e/4}; 

0  n  n-1  s  a  , 

n-1 

also  put  N  :  =  inf{n  :  >  T}  and  a  :=  inf (an  -  :  0  £  n  £  N}.  Note  that 

{  sup  |M  -  M  |  >  e}  C  {a  <  6}.  and  so  for  any  k, 

0<s<t£T  C  s 
t-s<6 

P[  sup  \K  -  Ml  >  e]  £  P[a  £  5] 

0<s<t£T  c  s 
t-s<6 


£  P[N  >  k]  +  Pfa^-CT  <  6  for  some  n  <  k]  . 


We  now  show  that  k  may  be  chosen  large  enough  to  insure  P[N  >  k]  <  e/2  and 
then  6  small  enough  to  force  P[{CTn-crn_i  <  6}]  <  e/2k  for  all  n.  By  Doob's 
inequality,  for  each  n  ±  1,  t  >  0,  and  stopping  time  a. 


E[  sup  |M  -  M  I2  |F  ]  $  4  E[  |M  -  M  I2  |F  ] 

ns  /t  S+CT  O'  '~0J  Ll  t+CT  O'  '  0J 

0£s£T 


*  4  E[tr«M>tw  -  <M>s)|Fs] 


i  4St  . 


It  follows  that 


P[°n  -  "n-1  <  .1  =  PI>T  I": 

i  4  (Jt/(t/4)2 


.«  -*a  I2  >  (^4)2|F  J 

n-1  0£s£t  s  n-1  n-1  n-1 


=  64  pt/e 


and  that 
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Et.-(Wl)|  <  t|Fa  ]dt 

n-1  n-1 

£  Jq  e  t  min(  1 ,64/3t/e2)dt  . 


If  we  denote  the  right  hand  by  X.  then  X  <  1  and 


-a. 


E[e  ]  =  E[e  ^  *  E[e 


-a. 


|F  ]$X  E[e  K  x]  $  X* 


'k-1 


(by  induction)  for  each  k  £  1.  By  Chebyshev's  inequality. 


-cr, 


P[N  >  k]  =  P[ct  <  T]  =  P[e  k  £  e  T]  <  eTXk. 


T  k  2 

Pick  k  large  enough  to  insure  e  X  <  e/2,  and  6  small  enough  that  k(64  P  6/e  ) 


<  e/2;  then 


[ 


P[cr  -a  ,  <  6  for  some  n  £  k]  £  k  max  P[a  -a  ,  <  5] 
L  n  n-1  J  n£k  L  n  n-1  J 

£  k(64  p  6/e2) 

<  e/2  , 


proving  the  lemma. 


Definition  4.1.:  A  probability  measure  Pq  on  R^  and  continuous  functions 
a  :  R+  x  R^  -»  R^  and  b  :  R+  x  iR^  R^XC*  satisfy  the  finite-dimensional  initial 
condition  (IC^),  coercivity  condition  (OC^) ,  and  linear  growth  condition  (LG^) 
if  for  each  T  <  »  there  exist  positive  numbers  Cq  and  9,  not  depending  on  d, 
such  that,  for  all  t  £  T  and  f  17  €  R^, 


! 


S  d(l  +  If |2)[log(3  +  If  I2)]2  p|J(df)  $c  <»  (IC  ) 

R 

2(f.at(f))  +  |b^(f)bf(f)|  ^  9  (1  +  |f  |2)  (CX:d) 
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|a*(f)|2  *  cd(l  +  |f |2)  , 
|b*(f)b*"  (f ) |  1  0(1  +  |f  |2)  . 


(LGd)(a) 

(LGd)(b) 


J  J  J 

Theorem  4.1.  Let  Uq.  a  .  and  d  satisfy  conditions  (ICd),  (LGd),  and  (0Cd), 

and  fix  T  <  ®.  Then  there  exists  a  measure  on  (C  ,,  )  satisfying  the 

E  Kd 

initial  condition  o  x ^  and  solving  the  martingale  problem  for  Lg,  i.e. 

I  p  J 

satisfying  the  condition  that  for  each  f  €  C,  '  (IR+  x  IR  )  and  x  €  C  „  the 

GT 

real-valued  process 

<00  ;=  WXtAT>  -  W  -  C  0/3=  ♦  Ls)fs<xs)ds  (4  2> 

2  t  d 

should  be  a  local  L  martingale  on  (C  , ,  B_  .B-,  ,  v  ).  Furthermore,  for  each 

!Rd  “^md  md 
R  R 

t  <  T  any  such  measure  i/*  satisfies  the  following  inequalities: 


2  c3(0)T 


j  2  cn  e 

u  [  sup  |x  I  >  R]  £  - 2 - p  2 

0<s$t  5  (l+R^)[log(3+RZ)r 


(4.3) 


for  every  R  >  0; 


E  [  sup  f.(x  )]  i  c4(0)  < 
Oisit  1  s 


(4.4) 


where  f,(a)  =  (1  +  a2)  log  log(3+a2), 


c4(0)  :=  c4(9:T)  =  2cQ  e 


2  c3(0)T  w  f ‘(a) 


0  ( l+a2)[ log(3+a2) ]2 


da 


and 


c3(0)  =  175  0 


Proof  of  Theorem  4.1.  For  each  n  €  IN  define  a  function  c  :  R^  -*  R^  and  a 

n 
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stopping  time  Td  by 

f  x  if  |x|  i  n  .  , 

cn(x)  ^  I  /|  |  |  k  Tn(x)  =  inf{t  >  0  :  Kl  >  n  or  1  >  T>-  <4-5) 

[  nx/|x|  if  |x|>  n  , 

By  Theorem  6.1.6  of  [11]  there  exists  a  measure  i>d,n  satisfying  (4.2)  with  a1* 
and  bd  replaced  by  the  bounded  continuous  functions  ad,n  and  bd,n  given  by 

*?•"«<>  =-  \(cn«t»  '  <46> 

We  will  show  that  the  sequence  {u^’n}nejjj  ls  tight  and  produce  a  limiting 

measure  ud  which  satisfies  (4.2).  (4.3)  and  (4.4).  Then,  for  f(f)  =  (1  + 

lf|2)[l°g(3  +  l?|2)]2  (log(3  +  lf|2)  is  chosen  instead  of  log(l  +  |f|2)  since 

it  is  greater  than  equal  to  1  for  |f|  2  0).  M  ,  given  by  (4.2)  [with  t 

tAr 

n 

d  2  d  n 

replaced  by  t  A  Tn]  is  a  continuous  L  -  u’  martingale.  Using  (CCd)  and  (LGd 
b) ,  it  is  easy  to  verify  that 

|Lsf(f)|  <  150  f(f).  (4.7) 

Since  ad,n(x  )  and  bd,n(x  )  coincide  with  ad(x  )  and  bd(x  )  upto  time  Td,  we 
ct  tt  c  c  c  c  n 

have 


Mt  d(x)  =  f<x  d>  -  f(x0)  ~  4  Ls  f<x  d)ds  (4-8) 

tAT  tAT  sAt 

n  n  n 


From  (4.8)  and  (ICd), 


Eud,n[f(x  d)]  $  cQ  +  150  S'Q  E^’^ftx  d)]ds 

tAT  sAr 

n  n 


and  by  Gronwall’s  inequality. 


4-6 


Pud,nr ,,  n  ,  150t 

E  [f(x  .)]  £  cQ  e 

tAT 

n 


(4.9) 


the  bound  being  independent  of  n  and  d.  Hence  it  is  easily  seen  that  x 


tAr 


n 


an  ltd  process.  Applying  Ito  lemma  we  have 


tAr 


<Mf>  d=J0  (vf(xs).  bd’n(xs)bd’n(xs)*  vf(xs))ds 


tAr 


n 


tAT 


*  S0  lvf(xs)!2  ibs<xs)|2  ds 


From  (OC,)  and  the  inequality 


|vf(f)|2  *  20  f(f)  [log(3  +  |f |2)]2 


it  follows  that 


tAT 


f 

<M  > 


=  (20)0  SQ  f(xs)  [log(3  +  |xj2)]2  (1  +  |xs|Z)ds 


tAT 


tAT 


n 


S  (20)0  JQ  f(xg)  ds 


tAT 


i  (20)0  {  sup  f(xs)}  /0  f(xs)ds 

0^s<[tATd 

n 


From  Burkholder’s  inequality  ([2],  B,  VII. 92), 


d ,  n  p  d ,  n  « 

EW  [sup  \r  j I ]  i  4  EU  [(<Mf>  .)*] 


0£s£t  sAt 


tAT 


is 


<;  V$20e  E  [{  sup  f(x  r  {J*o  f(x  ) ds}~] 


0<s£t  sAr 


£  Vt32O0  EU  [{  sup  f(x  ,}^  (Xl  sup  f(x  Jds}56] 

/>/^/ *.  -  ^  r\s ~ 


0£s£t  sAr  O^s'^s  s ‘At 


£  #  Eu  [  sup  f(x  ,)]  +  c9(0)  X^  Eu  [  sup  f(x  ,)]ds 
0£s£t  sAt  0<s’<s  s’ At 


(4.10) 


where  the  last  step  follows  from  the  elementary  inequality  -\4ib  £  (a.  b  > 

0).  The  constant  Cg(0)  =  160  0. 

From  (4.8). 

sup  f (x  A)  £  sup  |Mf  ,  |  +  f(xn)  +  (150)  X'  sup  f(x  ,)ds  . 

A/-/*.  U  U  A/-/*.  1-G 


O^slt  sAt  0£s£t  sAt 
n  n 


0£s£t  s’ At 


Writing  03(6)  for  Cg(0)  +  150,  taking  expectations,  using  (4.10)  and  (IC^)  we 
obtain  the  inequality 


Eu  [  sup  f (x  ,)]  £  2  cn  +  2  c»(0)  X«  EU  [  SUP  f(x  ^)3ds 


O^s^t  sAt 


d/J  i  -  -q  ■  -  -  L  d' 

0£s  £s  s  At 


Another  application  of  Gronwall's  inequality  yields  the  uniform  bound 


d.n  2  c~(0)T 

Eu  [  sup  f(x  ,)]  £  2  c_  e 

0^s£t  sAt  u 

n 


Fix  R  >  0.  Then  for  n  >  R, 


(0  £  t  £  T) 


(4.11) 


ud,n[  sup  |x  I  >  R]  £  1>  ,n[  sup  |x  j  |  >  R] 

"  '  0£s£ 
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S  EU<i’n[  sup  f(x  )]  /  f (R) 
0£s£t  sAt 

n 


2c  (6)T 

2  CQ  e 

(l+R2){log(3+R2)}2  ' 


(4.12) 


Now.  if  e  >  0,  choosing  R  such  that  the  right  hand  side  of  the  inequality 
(4.12)  is  less  than  e,  we  have 


ud*n[  sup  |x  |  >  R]  <  e  (4.13) 

Oisit  S 

for  all  n  >  R. 

Using  (4.12)  and  taking  f^  to  be  the  function  introduced  in  the  statement 
of  the  theorem  the  following  inequality  is  obtained: 


EU<1’n[  sup  f  (x  )]  S  c4(0;T)  <  «  .  (4.14) 

0£s£t 


The  bound  being  independent  of  n  and  d.  Details  of  the  proof  will  be  given  a 
little  later  when  a  similar  inequality  is  proved  for  v  . 

Next,  let  be  the  stopping  time 

Tg(x)  :=  inf(t  £  0  :  |xt|  ^  R  or  t  >  T)  . 
d  d* 

The  continuous  function  |b“(f)b“  (f)|  bounded  on  the  compact  set  {(t.f)  :  0  <; 

t  ^  T.  |f!  £  R}  by  some  number  p^  which  is  independent  of  d  in  view  of  the 

uniformity  of  the  bounds  in  (LG^)(b)  and  (CC^).  The  stopping  time  is  also 

bounded,  so  by  Doob's  optional  sampling  theorem  (applied  at  td  i  t  ),  the 

K  n 

IR^-valued  process 


tArp 

-  £ n  a_(x„)ds 


M?(x)  :=  x 


is  a  martingale  for  each  v  '  with  n  £  R.  with  bracket  process 


tAT, 


<mR\  =  S0  bs(xs>bs*(xs)ds 


satisfying 


tr 


<<mR>«  -  <"">t .)  *  (V'.) 


s^TAt 


By  Lenina  4.1  and  (LG{j)(a)  there  is  a  number  5  such  that  for  all  n  £  R. 


ud,n[x  :  sup  |M?  -  M11!  >  e/2]  <  e/2. 

0<s<t£T  1  3 

t-s<6 


tAr_ 


|J-  as(xs)ds|  <  WcjO+R^)  $  6/2 
s*Tr 


and  hence 


ud,n[x  :  sup  |x  -x  |  >  e]  $  uQ,n[x  :  sup  |x  |  >  R] 

0<s<t*T  S  0<s<t£T 

t-s<6 


d,nr 


+  ud,n[x  :  sup  |M?  -  Vp\  >  e/2]  <  e. 

0<s<t£T  t  s 
t-s<5 


d.n 


By  Theorem  8.2  of  [1],  (u  ’  }  is  a  tight  sequence  and  so  has  a  cluster  point 


ud.  Using  the  fact  that  ud,n  satisfies  the  martingale  problem  for  ad,n  and 


bd,n,  the  uniform  bound  (4.14)  and  the  tightness  of  {ud,n}  we  can  show  (after  a 


routine  argument)  that  in  (4.2)  (f  €  C^)  is  a 


(C  ..  Bp  .  .  ud) 


continuous  u  -martingale.  This  proves  the  first  assertion  of  the  theorem.  It 


remains  to  show  (4.3)  and  (4.4).  From  (4.12)  taking,  without  loss  of 


generality  that  i>d,n  ^  ud,  it  follows  that 


2c3(e)T 


Dd[  sup  |x  I  >  R]  s  - 1 - — 2 

o^s^t  s  (i+ir){iog(3+ir)r 


which  is  (4.3). 

2  2 

Now  let  us  write  fj(a)  =  (1  +  a  )  log  log(3  +  a  ).  Since  fj  is 
increasing  function  for  a  £  0,  by  a  standard  formula  we  obtain 


an 


Eu  [  sup  f.(x  )]  =  /“  ud[  sup  f-(x  )  >  y]dy 
0£s£t  1  s  U  Oisit  1  S 

i  Xq  ud[  sup  |xg|  >  a]  f'(a)da  . 
0£s£t 

^(eyr  » qoo 

^  2c0  e  XQ  f^aj  da  . 


The  last  integral  is  the  sum  of  two  integrals.  The  integrand  in  the  first  is 

2 

of  the  order  log(3  a  )  as  a  oo;  jn  the  second,  the  integrand  is  of  the 
a{ log(3+a  )} 

i  .  fi<a> 

order  - = — .  Hence  Xn  77  t—  da  <  “  and  (4.4)  is  proved.  | 

a[log(3+a  j]J  °  na) 


Remark.  The  uniformity  of  the  bound  in  (4.4)  w.r.t  d  is  of  crucial  importance 
and  has  been  derived  here  with  an  eye  on  Theorem  5.2  which  treats  the  corre¬ 
sponding  Infinite  dimensional  problem.  It  may  be  noted  that  in  the  proof  of 
the  above  theorem,  the  uniformity  with  respect  to  n  of  the  bound  (4.14)  is  used 
in  showing  that  ud  is  a  martingale  solution  of  the  finite  dimensional  problem. 
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5.  Martingale  Problems  in  Nuclear  Spaces.  In  this  section  we  construct  and 

solve  finite-dimensional  approximations  to  the  stochastic  differential  equation 

(1.1)  and  prove  that  the  solutions  converge  weakly  along  a  subsequence  to  a 

solution  to  the  martingale  problem  in  This  method  of  finding  a  solution  to 

the  infinite-dimensional  problem  is  patterned  after  the  "Galerkin"  method  of 

reducing  the  problem  of  solving  parabolic  partial  differential  equations  to 

that  of  solving  finite  systems  of  ordinary  differential  equations. 

Fix  a  continuous  positive  quadratic  form  on  <t>  x  a  Borel 

probability  measure  on  and  continuous  functions  A  :  IR+  x  and  B  :  R+  x 

-»  all  satisfying  conditions  (IC),  (OC),  (LG),  and  (JC)  of  (3.3). 

00 

Note  that  Q[<p.<#>]  =  (0^  <P.  o£  <p)r  =  2^  (<£)*  h~r[>]2.  where  Qr  is  a  positive 

r  * 

sel fad joint  nuclear  operator  on  some  H  and  means  the  adjoint  operator  with 
respect  to  the  dual  pair  u[<#>]  on  x  $.  Fix  any  T  >  0  and  let  p  >  m  2  r  be 
the  indices  such  that  the  injection  from  Hp  to  H™  is  Hilbert-Schmidt  and  0  >  0 
is  the  constant  appearing  in  (3.3). 

For  each  integer  d  £  1  and  f  €  set  u  =  :=  2^^  define  a 

vector-valued  function  a^  :  R+  x  R^  ->  R^  and  a  nonnegative-definite 

J  J  JyJ 

matrix-valued  function  b  :  R+  x  R  -t  R  by 

a^(f } j  :=  At(u)[hj],  and 

b^(f)iJ  =  (Q*)*hjr[B*(u)h™]  . 

Since  A  and  B  satisfy  (OC)  and  (LG),  we  can  verify 

(f,  a*(£))  =  2  At(u)[h"]  =  At(u)[j_mu], 

i^d 

laf(?) |2  <  2  |A  (u)|2  |h”| 2 

1  ~  t  /A  1  P  1  P 
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<  2  0(1  +  |u|? )  |h™|2 

~  iid  m  i  p 

=  cd(l  +  |u|!m)  =  cd(l  +  If  I2) 

and  |b^(f)b^(f)|  =  tr  b^(f)bf*(f) 

=22  (Q^)*  h”r[B*(u)h™]2 
i<d  j<d  J  c  1 

i  2  2  (Q**)*  hTr[B^(u)h"]2 

l<d  j<«  r  J  c  1 

=  2  Q[B*(u)h“.  B*(u)h“] 
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X  d  (1  +  |f|2)[log(3  +  |f!2)]2  ud(df) 
K 

c  /  t  I .  |2  \  r  i _ /*-*  .  t »■ 


=  4  (1  *  l4mu|^>Clog(3  *  (''d",ul-m)3Vdu) 

<  4'  (1  +  |u|?m)[log(3  +  |u|?m)]2  40(du)  =  c0  <  •».  (ICd) 

again  uniformly  in  the  dimension  d.  If  follows  from  Theorem  4.1  that  there 

exists  on  (C  ..IjL,  )  a  measure  vd  satisfying  the  initial  condition  ud  o  x*  = 
R  Rd 

od  and  solving  the  martingale  problem  for  LgI  so  that 


(M?)j  =  (xd)j  -  (xd)j  -  /*  ad(xd)J<Js 


(5.2) 


t  d  2 

is  a  (C  B.  ,  BI  .  u  )  continuous  L  martingale  for  each  j  =  1.2 . d. 

*  Kd  Rd 

Define  a  mapping  j  ,m  from  C  ,  to  C  by 
d  Rd  H-m 

a 

(jdm  xd)(t)  :=  J"m  xd(t). 

Then  each  such  measure  ud  induces  a  measure  pd  on  )  with  support  in 

(C  .Bp,  )  via  the  relation 


Ud[A]  =  ad[( J  (A  tl  C  )].  A  €  jL, 

d  Hdm 


(5.3) 


Theorem  5.1.  For  any  continuous  coefficient  functions  A  :  R+  x  -»  <t>‘  and  B  : 

K+  x  -»L(4';if’)  satisfying  conditions  (CC)  and  (LG)  of  (3. 3), and  any  measure 

Pq  on  B($’)  satisfying  (IC),  the  family  (pd)  defined  above  is  tight  on 

(C  .Bp  )  and  also  on  (C. , ).  Here  p  >  m  is  the  index  appearing  in  (L). 

H-p_CH-p 

Proof.  Again  we  apply  Theorem  8.2  of  [1].  For  any  e  >  0,  choose  R  >  0  large 
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enough  to  insure  that 


2c3(0)T 


2c0e 

(l+R2)[log(3+R2)]2 


<  e/2. 


By  (4.3)  we  have 


pd[x  €  C,,  :  sup  |x  |_  >  R]  =  ud[xd  €  C  ,  :  sup  |xd|  >  R]  <  e/2  . 
9  CKt*T  BT  0£t£T 


(5.4) 


Since  2  |h^|  <  ®.  we  can 

j=l  J  “ 


choose  some  such  that 


w 

(  2  x[hP]2)^  <  e/8  if  |x|  <  R. 

j=d0+l  J  m  = 


(5.5) 


Froi’n  the  way  of  choosing  the  OlH'iSs  {h™}  and  {h^} ,  we  get 

d°  d°  —91/ 

(  2  (x-yJChP]2)14  <  a  (  2  (x-y )[h”]2)Jt  if  x.y  €  H  m. 

j=l  J  j=l  J 

where  is  a  constant  only  depending  on  d^,  m  and  p. 

On  the  other  hand,  in  a  manner  similar  to  that  in  Section  4,  the 


L  -martingale 


JR  d  r  R  ,  d,  . 

M*.  =  xtl  -  J _  a  (x  )ds 

t  tATR  0  sv  s' 


satisf ies 


ud[xd  :  sup  |M?-Mg I  >  cl”]  <  e/2 

O^s^t^T  s  **) 0 

\s~t\iv 


if  T]  i  6. 


(5.6) 


where  6^  is  some  constant  independent  of  d  (by  Lenina  4.1). 


From  now  on  suppose  d  >  d^.  Since 
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2  (at<N>1>2  <  c,  (1  ♦  Ixfl2) 

j  =  l  S  8  j  _  dQ  s 

from  (5.1),  if  sup  |xd |  £  R,  we  have  some  6  <  6, ,  (6  independent  of  d),  such 
0<,t$T  z  1 

that  for  |t-s|  £  6  and  t.  s  €  [0,T], 


<jf1  (j;  a^Jjdr)2)*  <  ^4  «„  . 

:=  \  '  X0  as(*s>ds  *  *? 


Since 


(5.7) 


if  sup  |xd|  <  R,  the  inequalities  (5.4).  (5.5),  (5.6)  and  (5.7)  yield 
0£t£T  ~ 

pd[x:  sup  lxt"x  l_n  >  (5.8) 

Ois£t£T  Z  s  p 

Js-t |^6 

<  pd[x:  sup  |x  |  >  R] 

0£s£t£T  C 


/[x: 

sup 

0£t£T 

M-m 

<  R,  sup  |x  - 

O^s^t^T  C 

'x  1 
s'-p 

|s-t 

Us 

e/2  + 

dr  d. 

sup 

|xd|  <  R. 

sup 

do 
(  2 

0£t£T 

L  — 

0£s£t£T 

j=l 

|s-t |£S 

e/2  + 

dr  d. 
v  [x  : 

sup 

|xd|  <  R. 

sup 

do 
(  2 

0£t£T 

O^s^t^T 

j=l 

|s-t|$6 

e/2  + 

dr  d. 
v  [x  : 

sup 

|Xd|  <  R. 

sup 

K- 

0£t*T 

V  «—■ 

0£s£t£T 

|s-tU5 

<  e/2  +  u  [x  :  sup  |x  |  <  R,  sup  |M  -  M*|  >  e/2  an] 

=  0£t£T  =  0£s£t£T  C  S  U 

|s-t |^5 

<  e  . 

Since  the  ball  {x; |x|_m  <  R}  is  compact  in  H  p.  by  (5.8)  and  the  Hilbert  space 

analogue  of  Theorem  8.2  in  [1],  (p^)  is  tight  as  a  family  of  measures  on  the 

space  C  _  .  Since  the  embedding  of  C  in  C.,  is  continuous,  compact  sets  in 
H  p  H-p  * 

C  _  are  also  compact  in  C..  and  the  theorem  is  proved. 

H  P  v 

Just  before  Theorem  5.2,  we  need  another  lemma  guaranteeing  the  uniform 
integrability  to  be  used  later. 

Lemma  5.1.  For  0  £  t  <,  T. 


(1)  E4  [  sup  (1  +  |x  |_  )  log  log(3  +  |x  |?  )]  i  c  (0). 
Oisit  s  m  s  m  * 


(5.9a) 


(2)  £P*[  sup  (1  +  |x  |f )  log  log(3  +  |x  If  )]  £  c(0). 

Oisit  s  m  s  m  4 


(3)  #*[1  +  |xj?m]  *  c5(0), 

2  cn  e2c3(®)T 

(4)  p*[  sup  |x  |  >  R]  <  - 5 - o  l 

Oisit  m  ~  ( 1+R  ;[ log(3+R  ; ] 


(5.9b) 


(5.9c) 


(5.9d) 


where  c^(0)  is  the  constant  appearing  in  (4.4)  and  c,_(0)  is  also  a  constant 
independent  of  d. 

In  proving  (5.9b),  (5.9c)  and  the  following  Theorem  5.2,  we  use  frequently 

the  Skorohod  imbedding  theorem  guaranteed  by  Theorem  5.1  such  that  there  exist 

H  P-valued  processes  with  the  distribution  p*  and  Xt  with  the  distribution 

cl 

p  on  a  probability  space  ((?.?, P)  and  further  X“  converges  to  Xt  almost  surely 
C 
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Proof.  The  inequality  (5.9a)  follows  from  (4.4).  Since  sup  (1  +  |x  |_  )log 

0£s£t  s  m 

2 

log  (3+|xs|_m)  is  lower  semi -continuous  on  C^,.  by  (5.9a)  we  get 


^  [  sup  (1  +  |xs|_m)  log  log(3  +  !xsCm)] 
Ois$t 


=  E[  sup  (1  +  |XS l_m)  log  log(3  +  |Xs|fm)] 
0£s£t 


<  lim  inf  E[  sup  (1  +  |X^|^  )  log  log(3  +  |Xa|f  )] 
~  d-*»  0£s£t  3  m  3  m 


,d,2 


=  lim  inf  E^  [  sup  (1  +  |x  \_ )  log  log(3  +  |x  |f  )] 
d-»»  0£s£t  s 


<  c4(0) 


The  bound  (5.9c)  can  be  obtained  similarly  from 


e4  [i  *  l*^]  <  c5(e>. 


(5.10a) 


which  follows  easily  from  (5.9a). 
Also  by  (4.3)  we  get 


p[  sup  |xs|_m  >  R] 


0£s£t 
dr 


=  d  [  sup  |x°|  >  R] 
0$s£t 


(5.10b) 


2c0  e 


2c3(6)T 


( l+R2)[log(3+R2)]2 


and  hence  noting  that  sup  x  I  is  lower  semi-continuous  with  respect  to  x 

t  —  m 


Oisit 


in  C. . .  we  have 
<P 


M  [  sup  |x  I  >  R] 
0<s$t  s  m 
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<  lim  inf  pd[  sup  |x  |_  >  R] 

=  d-*»  0£s£t  s  m 

2c„(0)T 

.  2c0e 

=  (l+R2)[log(3+R2)]2  ' 

since  {  sup  |x  |_  >  R}  is  open  in  C.,  . 

0£s£t  s  m  9 

Theorem  5.2.  Let  A,  B,  Q,  and  p^  satisfy  the  hypotheses  (IC).  (CJC) ,  (LG).  (JC) 

^  d 

of  (3.3).  Then  any  cluster  point  p  of  the  tight  family  (p  )  solves  the 
martingale  problem  for  0  £  t  £  T  on  C^,  with  initial  distribution  pQ  and 
generator 

Lt  f(x)  =  f,(x[V])At(x)M  +  *  (x[«f ] )Q(B*(x)«p ,  B*(x)<p)  , 

f(x)  =  f(xO])  €  ffl^(<t‘ )  . 

& 

Furthermore,  any  such  measure  p  satisfies  the  inequalities 


&  [_SUP  C1  +  lxsl?m)  lo®  lo«(3  +  lxsl?m)]  i  c4(6)  ■ 


0<s^t 


2  c  e2c3(9>T 

P*C  SUP  lxsLm  >  R]  <  - 1 - §  2  • 

0<s£t  s  "  (l+R^)[log(3+RZ)r 


and 


P*[  sup  |xs|_m  <•]*!. 


0£s£t 


Proof.  By  Theorem  5.1,  we  may  assume  that  p  converges  weakly  to  p  without 


loss  of  generality.  Since  pn(H  m)  =  1,  we  have 


O' 


SQ  f(*0)P*(dx)  =  Hm  /c  f(xQ)pd(dx)  =  lim  J  _m  f(I7dmu)  pQ(du)  (5.11) 

1  d-*°  ’  d-*°  H 


=  X*.  f(u)p  (du) 
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**  — 1 

for  any  bounded  continuous  function  f  on  f  .  Noting  that  p  o  Xq  and  are 
Radon  measures  on  ,  by  the  monotone  class  theorem  in  the  form  of  Theorem  1.21 

ft 

of  [2]  and  (5.11)  we  get  fi.  0  xo  =  ^0  * 

Now  we  must  verify  that  for  each  0  £  t  £  t'  £  T  and  bounded  B^, 

“V 

measurable  function  g. 

E?"[g(x)(*J.(x)  -  M*(x))]  =  0  (5.12) 

and  the  sharp  bracket  function 

<M*>  =  xj  Q(B*(xs)„.  Bg(xs)<f )ds,  (5.13) 

where 

M^(x)  =  xt(<f>)  -  x0(«f)  -  Sq  As(xs)[«p]ds  . 

We  will  first  verify  (5.11)  for  bounded,  continuous  functions  g  which  depend  on 
x  at  only  finitely  many  times,  then  extend  to  larger  classes  of  g  (by  the 
monotone  class  theorem) .  Suppose 

g(x)  =  g(xt  . xt  ) 

1  m 

for  some  N  €  IN,  0  i  t^  <  tg  <  _  <  £  t,  and  g  €  C^#’^)  .  To  prove 

(5.12),  we  will  derive  some  estimates.  By  (5.9d)  and  (5.10b),  we  get  pd(x; 
lxsl_m  <  °°)  =  1  and  p*(x;  lxs  l_m  <  ®)  =  1  and  hence  from  (LG),  (5.10a)  and 
(5.9c),  we  have 

„d  9 

&  [|As(xs)0]|2] 

</[!*,(*,>  !?>!*] 


(5.14) 
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<  /[eWpO  *  |xsl?m)] 

<  8  c5(«)l»lp 

and 

^*C|As(x8)Wl2]  (5.15) 

<  6  c5(0)  l«p|p  • 

By  assumption  (JC)  (i),  if  x  €  H  m, 

Q[B*(x)*,  B*(x)<p] 

=  2^  Bs(x)(Q^)\r[^]2 

and  hence  we  get  similarly 

E**  [Q[B*(xs)*.  B*(xg)*]]  (5.16) 

s  s 

<  If  £ 

<ec5(9)|»|2  . 

and 

&  [Q[Bg(xg)<p,  Bg(xg)«p]]  <  0  c5(0)|^|2  . 


(5.17) 
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Set  <p  =  1  (<p,h*,)  h*T  and  <p,  =  <p-<p  .  Since  I*  I  <  I*  I  and  g  is 

j  P  j  d  1  '-p  =  1  '-m  & 

bounded,  by  (5.9c)  and  (5.15),  for  any  e  >  0,  we  have  some  N  such  that 


and  hence 


it 

|£?  [g(x>  M*(x)]  -  &  [g(x)  M^N(x)]|  <  e/2 


lE^  [g(x)(Mf  (x)  -  M*(x))] 

-  Ef  [g(x)(*J?(x)  -  nf  (x))]|  <  e. 


(5.18) 


On  the  other  hand,  since 


«  j 

*  =  £  “jhJ  +  0N*  ll0Nl,m  =  °* 


we  get 


T-m  dr  Nt  _  ,  d. 

Jd  *sl>  3  =  ^  “j(xs)j 


if  d  £  N 


and  since  by  assumption  116^11^  =  0, 


Mf  (J-”xd)  =  Sj  =-  -  (xd)j  -  Sl0  aa(xg)jds}  . 

Noting  that  ^  is  a  martingale  if  d  >  N  by  (5.2)  and  using  the  boundedness  of 
g,  the  uniform  integrability  in  (5.15)  and  the  Skorohod  theorem,  we  have 

E^Cgtx)  (Mf  (x)  -  Mf  (x))] 

=  E[g(X)(Mf  (X)  -  Mf  (X))] 

=  lim  E[g(Xd)  (Hf  (Xd)  -  Itf  (Xd))] 
d-*» 


5- 


I 


\ 

I 


=  lira  E“  [g(x)  (Mf  (x)  -  Mf  (x))] 
d H»  c 

=  lim  Eud[g(j‘m  xd)(^,  -  M^)3  =  0  . 


d-*» 


which,  together  with  (5.18),  implies  (5.12)  holds  for  the  special  class  of 
functions  g  mentioned  before.  Since  ♦  '  is  a  standard  space,  by  the  monotone 


class  theorem  (again  in  the  form  of  Theorem  1.21  of  [2])  (5.12)  holds  for  all 


bounded  EL,  -  measurable  functions  g. 


To  prove  (5.13),  we  first  choose  the  following  sufficiently  large  N. 


Since  I • I  <  I • I 
1  'm  =  1  'p 


lim  I <p-<p  J  =  0 
d-»»  m 


(5.19) 


and  hence 


I*  L  1  l<plm  *  1 


if  d  >  dQ 


(5.20) 


By  (5.9c),  (5.15),  (5.17),  (5.19)  and  (5.20),  for  any  e  >  0  we  have  some  N  >  d^ 
such  that 


* 

IE4  ISq  Q[B*(xs)/.  B*(xs)/]ds  -  Sq  Q[Bg(xs)9,  B*(xs)*]ds]|  <  e/2  (5.21) 


and 


\&  K(x)2]  -  if  [Mf(x)2]|  <  e/2 


(5.22) 


Since  (x)  is  continuous  on  C^, .  by  the  Skorohod  theorem  and  the  uniform 
integrability  in  (5.9a),  we  have 


if  [M^(x)2]  =  E[Mf  (X)2] 


(5.23) 


=  lira  ECMf^X*1)2] 
dn»  c 


=  lim  E^d[M<f^(x)2] 
d-*»  c 


ri>driw>N,  T-m  dx2n 
=  lim  E  [M^  (Jd  x  )  ] 

d-#» 

=  11.  E^CXo  Jt  Bs(jj”  \r[/]2  ds] 

=  11m  Efd[/'  2  B  (x  )«jV  \r[/]2  dx] 
d-*»  k=l 

=  lim  E[j£  2  »  (xj)(<£)*  hTr[/]2  ds]  . 
d*H»  u  k=l  s  s  r  K 


Now  for  u  €  (w; 


l_m  <  °°}.  we  get 


d 

2 

k=l 


BS(XJ){<^)**  hjW 


(5.24) 


<  2 
=  k=l 


Bs(x^)(Qr)H  \r[/]2 


=  Q[B*(Xd)/, 


Dw  d^  N-. 

W*  ] 


N,2 


m 


wn\ 


<  0(1  +  |xd|2  )|/|2  . 

=  1  s '-m' 1  'm 

Since  B(lXgl_m  ^  “)  =  1  from  (5.10b),  noticing  the  uniform  integrability  (5.9a) 

and  the  continuity  of  Q[B*(»)<P.  B*(*)<p]  on  $’  by  (JC)(ii)  the  right  hand  side 

s  s 

of  (5.23)  is  dominated  by 


(5.25) 
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=  E[lJ  Q[Bg(Xg)/,  Bg(Xg)/]  ds] 


On  the  other  hand,  If  d  >  n. 


2  Bg(X*)(o£)\r|>N]2 
k=l 


>  ^  Bg(X^)(<^)\r[/r 


so  that  we  have 


lin,  Inf  2  B  (xf)(Q?)Vr[/]J 
d-»»  k=l  s  s  r  K 


n 


>  2  11m  inf  B  (X^)(Q^)\r[/]J 

"  k=l  d-*>  a  s  r  k 


-  J  Bs(Xs)(<^)Xr[/]2. 

1 


The  inequalities  (5.26)  and  (5.27)  yield 


H®  inf  2  B  (xJ)(<ftVr[/]S 

d-*»  k=l  s  s  r  K 


w 

>  2  Bg(Xg)(Q^)\r[/]S 


=  Q[Bg(Xg)/,  B*(Xg)/]  . 


By  (5.28)  and  Fatou's  lemma,  the  right  hand  side  of  (5.23)  is  larger 


ECX^  «[B“(X,)/.  B*(Xs)/]ds]. 


(5.26) 


(5.27) 


(5.28) 


than 


which  gives 
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ft 

&  [**f  (x)2]  =  E[/q  Q[B*(Xg)/,  Bg(Xg)/]ds].  (5.29) 

Summing  up  (5.21),  (5.22),  (5.23),  and  (5.29),  we  obtain  (5.12),  which 
completes  the  proof  of  Theorem  5.2.  I 
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I 

I 

I 

N 


I 


i 


i 


6.  Existence  of  a  Weak  Solution.  Let  12  be  the  canonical  space  C^,  =  C(IR+;  <t> ' ) 

t  * 

with  filtration  £  =§,*,  ,  0  £  t  <  ®  and  measure  P  =  p  ,  and  consider  the 

t  “Sf.1 

coordinate  process  xt(u)  :  =  w(t)  for  u  €  Q.  In  Theorem  5.2  it  has  been  shown 
that,  for  each  <p  €  <t>,  the  real-valued  process 

=  xt|>]  -  xQ{>]  -  Jq  As(xg)[«f]ds  (6.1) 


is  a  continuous  local  martingale  with  sharp  bracket  function 

<**%  =  S0  Q[fs  **  fs^ds  (6  2) 

where  we  set  f  :=  B  (x  (u))  and  denote  the  adjoint  of  f  by  f  ,  given  by  the 
s  s  s  s  s 

relation 

u[fg  <*>]  =  (fsu)W  u  €♦'.♦€*  . 

and  we  also  have 

E uj  Q[f*  f.  f*  *] ds]  <  0  c5(0)T|<p|^  (6.3) 

for  each  T  >  0.  Repeating  the  argument  in  Section  2,  we  find  a  continuous 
H  P-valued  L2-mart ingale  Mt  with  Mt[<p]  =  and  operator-valued  Meyer  (or 

sharp  bracket)  process 


A  («)  =  <M>  (w)  =  2  <MJ,MK>  (u)  h"P  »  h. P.  (6.4) 

C  j ,k=l  t  J  K 

where  we  have  abbreviated  M  [h  P]  by  .  An  important  consequence  of  (6.3)  is 

t  J  t 

00 

2  Q[fg(u)  hP  f*(u)  hp]ds  <  »  (6.5) 

j=l  S  J  J 

a.s.  for  a.e.  s,  i.e.  for  all  (s.u)  in  a  set  A  C  [O.T]  x  Q  with  A  ®  P  (Ac)  =  0, 


I 
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where  X  denotes  Lebesgue  measure.  Note  that,  from  (6.4),  €  H  ®  H  a.s. 

“t  -p  -p 


and  for  g,  h  €  H_p, 


00 

(At(u)g.h)_p  =  (At(<o) ,  g  9  h)_p  _p  =  2  <Mj,Mk>t((o)(g,h‘p)_p  (h.h^p)_p  . 

j  •  k-  X 

In  particular, 

(At(u)h-»,  ^).P  =  <HJ.Mk>tM  =  X'  Q[f“  hP,  F*  h£]ds.  (6.6) 

From  (6.5)  and  (6.6)  it  is  seen  that  At(u)  is  a  nuclear  operator  for 
almost  every  u. 

Let  (s.w)  €  A  such  that  |xg(<o)  |  <  “,  h  £  Hp  and  find  a  sequence  €  <P 

for  which  -h|  -»  0.  Setting  L^s.u)  =  2  (oJS*hTP[f*  ^  ](h,hTP)_  for  h  € 
n  p  n  |  p  k  s  n  k  p 

H  p  and  noting 


03 

Q[f>)<*>.  f*c«)*]  =  2  (<$*  \p[fg(U)*r 


<  (  2  QCf^JhP,  fg(u)hj))klp  . 
k=l  v 


we  have 


|lJJ(w,o,)  -  lJJ(s.u)  I2  -♦  0 


as  m.n  -*  00 . 


Since  P(u  -*  lx  I  <«)  =  !,  def  ine 
v  1  s'-m  ’ 


Rs(<o)h[h]  =  \ 


film  Lft(s,u)  (s,u)  £  A  (1  (u  :  x  <  00}, 
i  n  s  -m 

n-*° 


Lo. 


otherwise. 


Then  there  exists  a  fixed  P-null  set  outside  of  which  we  have,  for  all  h  £  H 


<Ath'h>_0  -  ^  ds. 


(6.7) 
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I  |R  (u)h  P|2  =  2  Q[f*  hP  f*  hP]  <  » 
j=l  S  J  p  j=l  S  J  S  J 

and 

00 

lRs(«)hl.p  s  |h|_p  {  2  Q[f*(w)hp, f*(u)hp)}^  <  »  s  €  [0,t]  . 

j — ^ 

We  summarize  its  properties  below: 

Proposition  6.1. 

(a)  Rg(<o)  :  H_p  -*  H_p  is  a  Hilbert-Schmidt  operator; 

00 

(b)  Rs(u)hl>]  =  2  (o£)*  h^p[f*  *]  (h.  h^p)_p. 

(c)  (At(w)g.h)_p  =  Jq  (Rs(w)g,  Rs(<j)h)_p  ds.  a.s.  . 

Denoting  by  R'(u)  the  H_  adjoint  of  R  (u).  we  now  show  that  for  each  t  i  T, 
s  p  s 

Vu)  =  Jo  R;(")Rs(u)ds-  t6-8) 

The  operator  integral  on  the  right-hand-side  is  easily  defined  by  noting  that, 
for  f  and  g  in  H 

-P 

»,[«.»]  ;=  4  'Rs  V-h>-p ds 

is  a  continuous  bilinear  form  on  H  ,  and  hence 

-P 

Pt[g.h]  =  (Xj  Rs  %  Rs  g.h).p 

-  Xo  (*.  «.Rsh).p  ds 

-  (At  *’h>-p 


from  Proposition  6.1(c),  and  we  have  the  representation  (6.8). 
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Theorem  6.1.  There  exists  a  ♦  ' -valued  Wiener  process  Wt  such  that  the 
♦’-martingale  Mt  has  the  representation 


M,  =  Si  f  dW 
t  0  s  s 


0  1  t  ^  T 


(6.9) 


Proof.  It  has  already  been  shown  that,  over  the  interval  [O.T],  is  a 
continuous.  H_^  valued,  locally  square- integrable  martingale  with  bracket 


operator 


At(<0)  =  Sq  R;(u)  Rs(u)ds 


Now  Lemmas  IV. 3. 3,  IV. 3. 4.  and  Theorem  IV. 3. 5  of  [13]  apply  to  yield  a  CBM  Pc 
on  the  Hilbert  space  H_^  adapted  to  the  filtration  and  satisfying 


M  =  R  dfl 
t  0  s 


Now  we  can  def ine 


w* :=  i  w  hjp  • 

where  :=  /3..[hP]  for  the  chosen  CBM  f?  .  It  is  easy  to  verify  that  W  is  a 

t  t  J  S  l 

♦  '-valued  Wiener  process  with  covariance  E  W^ftp]  W  [♦]  =  (sAt)  Q[<p,>/'].  In 
fact,  Wk  €  H  P-a.s.  since 


EC|Wtl?p]  =  t  ^  (<^>"hj'P)-p 

00 

=  t  2  Q[hp  hp]  <  »  . 

J=1  J  J 


Since  S*  R»d0  M  =  2  Rc  hTp[^]d/^  by  the  definition, 

v/  S  S  i  <  U  S  K  S 


_  J 


« 


it  follows  that. 
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Theorem  6.2.  There  exists  a  weak  solution  to  the  stochastic  differential 
equation  (1.1)  on  the  canonical  space  (fi.F.P). 
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7.  Existence  and  Uniqueness  of  a  Strong  Solution. 

Definition  7.1.  If  for  any  two  weak  solutions  (X*,W)  and  (X^.W)  of  (1.1)  on 
the  same  interval  [0,T]  and  the  same  probability  space  (Q.F^.P)  with  the  same 
Wiener  martingale  W 

P[<j  €  fi  :  x[(u)  =  X^(u).  0  i  t  i  T]  =  1. 
we  say  that  (1.1)  has  the  pathiolse  uniqueness  property. 

1  2 

The  pathwise  uniqueness  property  asserts  that  two  weak  solutions  X  and  X 
on  the  same  probability  space,  with  respect  to  the  same  Wiener  martingale,  must 
be  identical.  The  natural  notion  of  uniqueness  for  weak  solutions  is  not 
pathwise  uniqueness  but  distributional  uniqueness,  i.e.  uniqueness  of  the 
probability  measure  induced  on  the  canonical  path  space  by  any  weak  solution; 
the  following  theorem,  due  to  Yamada  and  Watanabe  (See  [4]),  connects  the  two 
notions: 

Theorem  7.1.  (Yamada  and  Watanabe).  Pathwise  uniqueness  implies 

distributional  uniqueness  for  solutions  to  (1.1). 

Proof.  The  idea  of  the  proof  is  to  induce  probability  measures  P1  on  the 
canonical  space  0  :=  C(IR+;  x  $')  (with  the  canonical  filtration)  giving  the 
joint  probability  distribution  of  X*  and  W*.  and  to  verify  that  each  P*  can  be 
factored  as  the  product  of  Wiener  measure  PfdWg)  on  the  second  coordinate  times 
a  regular  conditional  probability  distribution  measure  (RCPD)  P*(dti)j  Jug)  on  the 
first  coordinate.  With  these  RCPDs  it  is  possible  to  construct  a  measure 
P(d<jj,  dcjg,  dw^)  :=  P*(d<dj  Iw^)  P^dUglu^)  PCdu^)  on  the  space  Q  :=  C(IR+:  <P‘  x 
<t>'  x  <P‘)  such  that  the  two  processes  Xi(w^ :=  Wj  (i=l,2)  are  both 

<V  /V 

solutions  to  (1.1)  on  the  same  probability  space  (0,P)  with  respect  to  the  same 
Wiener  martingale  WJw^.Wg.u^)  :=  Ug.  Pathwise  uniqueness  now  implies  that  P  is 
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concentrated  on  the  set  :  <Ji=tJ2^  hence  that  the  marginals  P1  must 
be  equal . 

Although  Yamada  and  Watanabe  only  state  their  result  for  R^-valued 
processes,  their  proof  remains  valid  for  the  4>'-valued  processes  which  concern 
is  here:  since  is  a  standard  space,  the  existence  of  regular  conditional 
probability  distributions  presents  no  problem.  | 


Theorem  7.2.  [4]  Pathwise  uniqueness  and  the  existence  of  a  weak  solution 

together  imply  the  existence  of  a  unique  strong  solution. 

Proof.  See  Theorem  IV. 1.1  of  [4]. 

In  view  of  the  above  result,  it  remains  only  to  prove  the  pathwise 
uniqueness  property  for  Equation  (1.1).  We  are  able  to  do  this  by  adding  the 
monotonicity  condition  (MC)  to  the  conditions  already  assumed. 

Theorem  7.3.  Under  the  conditions  (IC),  (OC),  (MC),  (LG)  and  (JC)  of  Section 
3,  Equation  (1.1)  has  the  pathwise  uniqueness  property. 

Proof.  The  argument  here,  closely  follows  [8]  and  we  give  it  here  only  for  the 
sake  of  completeness  and  the  reader’s  convenience.  By  Theorems  5.2  and  6.1, 
Equation  (1.1)  has  a  weak  solution  in  C([0,T],  H  m).  Let  x|  €  C([0,T],  H  m) 
(i=l,2)  be  two  solutions.  For  convenience,  set 


rt  :=  *!-*?■  ft  :=  Jt  :=  fo  fs  “  *s  ““  “t  v 

Let  p  >  m  be  the  integer  mentioned  in  (MC).  Recalling  our  notation  that  (h^)  C 
<t>  is  a  CONS  in  H*3  and  applying  Ito’s  formula  to  (Yt[hj])^  we  have 

j,  OftChj3)2  -  2  J'o  j,  Ys[hj]as[hj]ds  +  2  so  jj  Qtfs  hj-  f"  hPds 

*  2  j,  dIsthP 


* 


j 


| 


i 


which  can  be  written  as 


l’ftl-p  =  2-i'o«V‘Is>-pt  M  >ds-fMt 

s  -p.-p 

2 

where  is  the  continuous,  local  L  -martingale  represented  by  the  last  term  in 

2  -20 1 

the  above  equation.  An  application  of  Ito's  formula,  this  time  to  | Y  | _  e 

t  p 

yields  the  relation 


*  20t|Y t\2  =  -’.a  |Y  |2  e_20Sds  +  2  Jq{(Y  .a  )  +  |Qf*|  }  e"20S 

H  H  -p  s  -p.-p 


ds 


-20s 

e 


d  H  . 
s 


Using  (MC)  we  have 


-20 1 
e 


i»,i! 


x,  —  20  s 

where  tj  :=  J\.  e  dM  is  a  continuous,  local  martingale  which  is  nonnegative 

t  U  S 

(in  view  of  the  above  inequality).  Hence,  for  a  sequence  of  stopping  times 
|  00 ,  we  have  for  every  e  >  0, 


‘  p[^5t  >  6]  i  EC”»^  ]  =  °' 

Ost^T  n  n 

so  that  making  a  |  ®  we  obtain  sup  r,  =  0,  P-a.s.. 
n  0£t£T 

It  follows  that 

|Yt l?p  =  0  Vt(T,  P-a.s.,  i.e. 

sup  |X*  -  X2|  =0  P-a.s., 

0St*T  -p 

proving  pathwise  uniqueness  for  C([0,T],  H  ^) . 


Note  that  Theorem  7.3  implies  the  pathwise  uniqueness  property  for 
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solutions  in  C([0,T] ,$ ' ) .  For  given  two  such  solutions  X1.  there  exists  a 
common  index  m  >  0  such  that  X1  €  C([O.T].H_m)  for  1=1,2.  The  proof  of  Theorem 
7.3  then  applies  and  the  assertion  is  true. 

The  following  result  is  an  immediate  consequence  of  Theorems  6.1,  7.1, 
7.2,  7.3  and  the  above  Remark.  | 

Corollary  7.3.1.  For  each  T  >  0  there  exists  a  unique  strong  solution  to 
Equation  (1.1)  on  the  interval  [0,T).  By  this  we  mean  that  for  any  probability 
space  (O.F.P)  on  which  are  defined  a  random  variable  f  with  probability 
distribution  measure  pQ  =  P  o  f-1  and  a  Wiener  martingale  W  with  covariance 
quadratic  form  Q,  if  p^,  Q,  and  the  coefficient  functions  A  and  B  all  satisfy 
the  conditions  (IC),  (OC),  (MC).  (LG)  and  (JC)  of  Section  3,  then  there  exists 
a  unique  strong  solution  X  =  {Xt>  to  Equation  (1.1)  for  all  0  $  t  i  T. 

Proof.  Apply  Theorems  6.1,  7.1,  7.2,  and  7.3.  | 

We  now  come  to  our  main  result,  the  existence  of  a  unique  solution  to 
(1.1)  for  all  time: 

Theorem  7.4.  Let  (O.F.P)  be  a  probability  space  on  which  are  defined  a  <P' 
random  variable  f  with  probability  distribution  measure  ^  =  P  o  {  ^  and  a 
Wiener  martingale  W  with  covariance  quadratic  form  Q,  and  suppose  that  p^,  Q, 
and  the  coefficient  functions  A  and  B  all  satisfy  the  conditions  (IC),  (OC) , 
(MC) ,  (LG)  and  (JC)  of  Section  3.  Then  there  exists  a  unique  strong  solution  X 
=  (Xt)  to  Equation  (1.1)  for  all  0  £  t  <  ». 

Proof.  Use  Corollary  7.3.1  to  construct  a  strong  solution  X*  with  starting 
value  f  and  Wiener  martingale  W  on  the  interval  [0,T)  for  T  =  1,2,3,...;  verify 
that  the  definition 
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:=  2  lr  .  x(t)X" 
t  n=1  [n-1 ,n)v  '  t 


determines  a  strong  solution  for  all  time.  Uniqueness  follows  from  that  of 
each  X"  I 

t 


Remark.  Suppose  that  H  is  a  separable  Hilbert  space  with  inner  product  (  , 
on  which  is  defined  a  continuous,  contraction  semigroup  with  generator  -A 
satisfying  the  following  properties: 


J  i 

(i)  For  some  r^  >0,  (I  +  A)  is  a  Hilbert-Schmidt  operator  on  H. 

has  a  discrete  spectrum  with  eigenvalues  and  eigenfunctions  given  by  A<p 

<#> .  (A  >  0)  with 
J  J 


Then  A 


(ii) 


2  (1  +  X  )  A  <  «. 
j  J 


This  set  up  occurs  in  many  physical  and  biological  problems  (see  [6]  and  the 
references  given  therein).  A  convenient  Frechet  nuclear  space  <I>  can  then  be 
defined: 


*={<#>€  H:  2  (1  +  X.)2r(*,*>.)2  <  •  Vr*0}. 

j=l  3  J 


For  <p  G  define  the  Hilbertian  norms 

1*1?  -  O  *  )'j)2r(*-*j)o 

Let  Hr  =  | •  ^-completion  of  $.  Then  <P  is  a  countably  Hilbertian  nuclear  space 

-r  p  p 

as  can  easily  be  verified.  Further,  H  is  the  dual  of  H  ,  <£  =  fl  H  and 

r>0 

♦‘  =  U  H  The  stochastic  differential  equation  (1.1)  becomes  quasilinear 
with  At(u)  =  -A  u  (u  €  $')  where  A  is  the  adjoint  of  A  restricted  to  <P.  (It 
can  be  checked  that  A<P  C  $)  and  linear  if,  in  addition,  Bt(u)  =  I.  For  any  m  £ 


7-6 


1  and  u  €  H  m  it  is  easy  to  verify  that  A*u  EH*1  for  p  2  n+1.  Further  since 
| A«p | r  i  |<#>|r+1  for  all  r  >  0,  if  u  €  H  m  we  have 

|At(u)[^»]|  =  |-A*U[*]I  =  |u[-A<f>]|  i  |u|_m 

and  hence 

|At(u)|_p  i  ju|_m  for  p  *  nn-1. 

Thus  the  first  part  of  (LG)  is  satisfied. 

Also,  the  drift  coefficient  "helps"  the  monotonicity  condition  because  for 
u  €  H  ™  and  p  £  m+1, 

00 

(At(u).u)_p  =  -(A*u,u)_p  =  -  2  Aj(u.hjP)^  S  0 

j  ^ 

where  hp  :=  (l+X^)  P<pj  is  a  CONS  in  HP.  It  is  further  to  be  noted  that  for 
this  class  of  nuclear  spaces  our  basic  condition  (A)  is  satisfied  since  (<*>.) 

J 

is  a  common  orthogonal  system  for  all  the  spaces  H1*. 
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8.  Application  to  random  strings.  Funaki  [3]  has  studied  the  random  motion  of 
strings  by  appealing  to  the  theorem  on  the  existence  of  a  unique  solution  of 
the  following  nonlinear  stochastic  evolution  equation  on  a  separable  Hilbert 
space  H. 


(8.1) 


d  Xt  =  a(t,Xt)dBt  +  b(t.Xt)dt  -  AXtdt  .  t  €  [O.T], 


LX0  €  H. 


where  is  a  cylindrical  Brownian  motion,  the  coefficients  a(t,x)  and  b(t,x) 
satisfy  suitable  Lipschitz  continuity  conditions  and  A  is  a  non-negative, 
self-adjoint  operator  on  H  with  pure  point  spectrum  0  <  <  Xg  <  ...  such  that 

Xk  ~  c  k1+5.  (c,  6  >  0)  as  k  ->  ®. 

In  this  section,  we  will  show  how  Theorem  7.4  can  be  used  as  an 

alternative  approach  in  a  similar  setting.  Let  A  be  a  non-negative 

self-adjoint  operator  on  H  with  pure  point  spectrum  0  <  X^  <  X^  <  ...  such  that 
°° 

— 2r 

2  (1  +  X.)  <  «  for  some  r  >  0.  Let  us  now  work  with  the  Q  introduced  in 

j=l  J 

the  Remark  at  the  end  of  Section  7. 

We  will  assume  conditions  on  the  coefficients  of  the  stochastic  evolution 
equation 


(8.2)  dXt=  At(Xt)dt  +  B(t.Xt)d  Wt. 

namely,  there  exist  a  sufficiently  large  m,  numbers  0  >  0  and  p  >  m  such  that 
At(x)  and  Bt(x)  satisfy  the  conditions  (OC),  (MC)  and  (LG). 

Then  by  appealing  to  Theorem  5.3  and  Theorem  7.4,  for  the  support  of  the 
solution  X^  of  (8.2),  we  get 

00 

P[  U  {  sup  jx  I  <  •}]  =  1- 
n=l  0£t£n 
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Hence  from  the  weak  continuity  of  Xfc, 


_2r 

2  ( 1+X . )  <  00  and  the  Lebesgue 

j=l  J 


convergence  theorem,  we  obtain 


Corollary  8.1.  Under  the  conditions  on  the  coefficients  At(x)  and  Bt(x)  and 
the  initial  value  condition  (IC)  of  Theorems  5.2  and  7.4,  (8.2)  has  a  unique 
solution  such  that  X#  €  C(!R+,  H  (nH’r)). 

Now,  we  will  consider  the  stochastic  evolution  equation  of  Funaki's  type. 
If  <p  €  <P,  then  we  have  for  all  2  £  0 

j,  *  V2e  Vo 

Z  f  1  ^  -V  -V2/  *2 

=  ^  (1  *  v  »J>0 

<  IflJn  <  -. 

so  that  A <p  €  ♦  .  Let  A  be  the  ad  joint  of  A  with  respect  to  the  canonical 
bilinear  form  <,>  on  ♦'  x  ♦  .  Let 

(8.3)  dXt=  a(t,Xt)d  Wt  +  b(t.Xt)dt  -  A**  Xt  dt, 

2 

where  is  a  ♦'-valued  Wiener  process  such  that  E[Wt[<#>]  ]  =  t  Q[<p,<p]  and 
Q[<f.f>]  is  a  positive  definite  continuous  quadratic  form  on  ♦. 

Before  proceeding  to  the  assumptions  on  the  coefficients  a(t,x)  and 
b(t,x),  we  notice  that  there  exist  an  integer  q  and  a  constant  such  that 

(8.4)  |Q|>.W]|  <  . 

From  now  on,  we  denote  positive  constants  by  C^,  i=2,3 .  Since 

00 

2  (1+A  )  <  °°.  the  support  of  W  is  contained  in  H  ^8+r)>  £7]. 

j=l  J 

Let  a(t,x)  :  R  x  ♦'  -»  L($',$')  and  b(t,x)  :  R+  x  ♦'  -»  ♦'  be  jointly 
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continuous  mappings  of  (t.x)  satisfying  the  following  conditions: 

There  exist  q*  >  q+r  and  m  >  q‘  such  that  a(t,x)  maps  H  ^q+r^  to  H  q  , 
b(t.»)  maps  H  m  to  H  m  and  for  x.y  €  H  m, 

00 

(A. 1)  2  |a(t.x)h:q|2  .  <  K(1  +  \x\l ). 

j=l  J  q  ' 

00 

2^  |a(t.x)-a(t.y))h"q|?q.  <  K|x-y|?m  . 

and 

(A- 2)  |b(t.x) |fm  <  K(l+|x|?m). 

|b(t.x)  -  b(t,y)|_m  <  K|x-y|^m  , 

where  h™  =  <Pj/(l+Xj)m  and  K  is  a  constant. 

To  apply  Theorem  7.2,  it  is  enough  to  check  the  conditions  (OC) ,  (MC)  and 

(LG). 

^  _ 

Setting  At(x)  =  -A  x  +  b(t,x)  and  Bt(x)  =  a(t.x),  for  x  €  H  ,  we  have 

I  .*  i2  .**  r,  m+1-,2 

I*  =  .f.  A  x[hj  ] 

J  ““  A 

00  nH-1  9  00  1  2 

=  2  x[Ah7Ar  =  2  x[A.^./(l+X.)m+1] 

j=l  J  j=l  J  J  J 

<  2  x[<#>  ./(1+X  .)m]2  =  2  xth1"]2  =  |x|2 

-  j=l  J  J  j=1  J 

and  hence,  together  with  condition  (A. 2),  we  get 
(8.5)  |AtWl?(MH)  <C2(Hx|^). 

By  (8.4)  and  (A.l),  we  have 

<8-6)  l«Bt(x) U.-»  *  j,  <K*<‘-X>"  h"  *<'-x>Hhj> 


<  C.  2  |a(t,x)*  h*"|2 

j=l  J  Q 

00  00 

=  C.  2  I  hT1  IXt.x)*^] 
j=l  k=l  J 


CO  00 


=  c 


2  2  aCt.x)!^  [h™]2 

k=l  j=l  J 


=  c,  j,  l»c.xVl^ 


k=l 


-qt2 


iCx  2  Mt.x)^! 


k=l 


<  c3  (!  +  |x|:m). 


Hence  (8.5)  and  (8.6)  yield  the  condition  (LG). 

Suppose  x.y  €  H  m.  Since  -A*  x  €  H  ^nM’r^,  we  get 

(8.7)  (-A“  x,x)_{nH.r)  =  i(x.  ^<”*r>)_([Mr)(A“x.  h'("r>)_(nHr) 


=  2  x[hf r]  x[A  F] 
j=l  J  J 


=  -  2  A  x[hfr]2  <  0. 
j=l  J  J 


By  (8.7)  and  (A. 2).  we  have 


(8.8)  2(At(x)  -  AJy).  x-y)_(wfr) 

=  2(-A*(x-y) ,  x-y)_^m+r)  +  2(b(t.x)  -  b(t.y).  x-y)_(nH.r) 
<  2(b(t,x)  -  b(t.y).  x-y)_^m+r) 


=22  (x-y)  [hj](b(t,x)  -  b(t,y).  h“m)_^m+rj 
00  00 

=  22  (x-y ) [h ™ ]  2  (b(t.x)  -  b(x.y))  [hj]  (h^m,h~m)_(nH.r) 

k- 1 

=  22  (x-y)[h™]  (b(t.x)  -  b(x.y))  [h™]  |h"m|^m+r^ 

<  C4|x-yl_m  |b(t,x)  -  b(t,y)|_m 

<  C4  K  Ix-yl^  . 

Using  (A.l)  and  an  estimation  procedure  similar  to  that  of  (8.6),  we  get 

<8S»  lQBt(*)-Bt(y)  •  C5|x-y|-»-  0  ^  i  T  ' 


Therefore  (8.8)  and  (8.9)  imply  the  condition  (MC). 

The  inequalities  (A. 2)  (8.6)  and  (8.7)  yield  the  condition  (OC) ,  which 

completes  the  assertion.  Therefore  by  Corollary  8.1,  the  equation  (8.3)  has  a 

unique  solution  Xt  such  that  X#  €  C(R+,H  ^nH"r^)  . 

Now  we  specialize  to  Funaki’s  spectral  condition:  ~  c  k^+^,  (c,  6  > 

2 

0) .  We  replace  the  cylindrical  Brownian  motion  (with  Q[<f>  .  <#>]  =  |<#>|q),  by  a 
Wiener  process  W  in  C(1R+,  H  r),  r  >  l/2(l+5).  Using  Corollary  8.1  we  conclude 
that  (8.3)  has  a  unique  solution  Xfc  such  that 


x  €  C(IR+,  H  S), 


where  s  >  m  +  r,  and  m  +  r  >  2r  > 


1 


(1+6)  • 
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